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Controlled subcircuits are commonplace in quantum algorithms as they represent the quan-
tum analogue of branching statements (if then). We introduce a generalization of controlled
subcircuits in the form of a binary operation which sends pairs of unitary quantum circuits
to a generalized controlled operation, whose semantics are based on matrix exponentials
and logarithms. The family of quantum circuits with generalized controlled operations and
circuit exponentiation is denoted HQC for Hierarchical Quantum Circuits. We formalize
HQC as a modified prop category using a novel category-theoretic construction, and provide
a sound and complete equational theory for diagrammatic reasoning in HQC.

1 Introduction

As quantum computing hardware continues to advance, so too does its software. While quantum
circuits remain the de facto standard language for low-level quantum programming, they are
cumbersome when designing large-scale programs with tens of thousands of gates. Higher-level
abstractions of quantum circuits are on the horizon. Diagrammatic reasoning [§] is a natural fit
for reasoning about such abstractions since quantum circuits are diagrams. Diagrammatic rea-
soning has already been applied to a variety of circuit-related tasks, including optimization [19],
simulation [31), [32], equivalence checking [26], and error correction [I8, 120} 27]. Equational theo-
ries are collections of equations that serve as toolboxes for performing diagrammatic reasoning.

Control is one such ubiquitous abstraction in quantum algorithm design. Controlled sub-
circuits appear in essentially every powerful quantum algorithm (e.g., [21) B0, 12, 14]). We
generalize the existing notion of control by allowing a subcircuit to be controlled not just by
one qubit in a particular basis, but by an arbitrary basis on any number of qubits. This notion
of control is captured by a new binary operation (®) called the control product which joins
two subcircuits together to create a generalized controlled operation. The simplest example is
the CNOT, which is created by joining the Pauli Z and X gates together as Z® X = CNOT.
However unlike the normal notion of control, the control product allows any two subcircuits U
and V of arbitrary sizes to control each other as U ® V. Examples of how such a product can
aid in circuit design and verification are found in [I1] and [2§], respectively.

We present the control product formally in the language of symmetric monoidal categories,
as part of a universal algebraic (see [I]) extension of a prop category [24} 3] [7]. We then provide
a sound and complete equational theory for performing diagrammatic reasoning on the category
HQC of hierarchical quantum circuits, that is, quantum circuits with generalized control and
circuit exponentiation. We note that the definition of circuit exponentiation used in this paper
is consistent with the power modifier in OpenQASM 3 [9].
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2 A Complete Equational Theory for Quantum Circuits with Generalized Control

Related work. The first complete equational theory for uncontrolled quantum circuits was
presented in [7] and improved in [5, 4]. Two recent works have provided equational theories for
standard controlled quantum circuits using controlled props [10] and rig categories [I5]. Another
recent work introduced a related methodology for constructing controlled unitaries via subspace
selection and phasing [16]. The control product we introduce here can be seen as a way to
efficiently package exponentially many such selection-and-phasing statements together into one
circuit object. Controlled operations have also recently been studied in the context of quantum
control flow [35, B3] for its applications to quantum computer architectures with a quantum
program counter.

Structure and contents. All proofs are found in the appendices. Section [2] provides the neces-
sary mathematical background. Section [3|introduces the semantics of control and exponentiation
on unitary matrices and provides a characterization in terms of control functors. Section [4] con-
structs the hierarchical quantum circuit language HQC. We describe the inductive construction
that is used to generate HQC via closures over an increasing family of nested sub-languages,
provide its semantics, and present a sound equational theory. In Section [5| we prove complete-
ness of the equational theory for HQC via a reduction to a known complete equational theory
for controlled quantum circuits found in [I0]. This reduction includes a transpilation procedure
which transforms hierarchical circuits into quantum circuits with standard controls.

2 Background

We assume familiarity with symmetric monoidal categories (see [23]) and introductory functional
analysis (see [13]). Given a functor F':C — D, we write Ob(F') for underlying mapping on objects
and Mor(F) for the underlying mapping on morphisms. We write {X,Y,Z} for the standard
Pauli matrices, I, for the n x n identity matrix, and Q,, for the n x n zero matrix. As described
in Section |A] we write P(X) for the free prop category on a signature ¥ with symmetry (o).

Matrix Exponentials. If M is a matrix, then exp(M) =302 2. Clearly exp(Q,,) =1, and
exp(M ®1,) =exp(M)®1L,. If H is a skew Hermitian matrix, then U = exp(H) is a unitary
matrix and H is a logarithm of U. For each unitary matrix U, there exists a unique logarithm
H =Log(U) of U such that all eigenvalues of H fall within i(—m,7]. If H is an n-dimensional
Hermitian matrix with eigenvalues {c;}7_; and an associated orthonormal eigenbasis {b;}7_;,
then exp(iH) = >_7_; " |bj) (bj|. The matrix exponential enjoys several useful properties [I3].

If MN = NM, then exp(N + M) = exp(N)exp(M). (1)
If U is unitary, then exp(iU HU) = UTexp(iH)U and Log(iUTHU) = U'Log(i H)U.  (2)

Dagger Props. A functor F :C — C°P is said to be involutive if FoF =1¢. A dagger prop
is a prop category C with an involutive monoidal functor {:C — C°P. The application of § to
f €C(n,m) is denoted fT € C(m,n). Since t is contravariant, then (fog)T =gfo ff. If fT is a
two-sided inverse to f, then f is unitary.

Controlled Props. If C is a category, then Congo denotes the subcategory of endomorphisms in
C. A controlled prop [10] is a prop category C with an ordinary functor C' : Cendo — Cendo Such
that Ob(C)(n) =n+1 and the equations in Fig. [I| hold where 7,, , =1, KXo X1,_;. A controlled
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(a) C(f). (b) C(1) =

Lp. (c) C(fog) =C(f)oClg). (d) C(f®1) =C(f)X1.
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Figure 1: The definition of a control functor stated in terms of graphical equations.

prop is (u,v)-pointed [L0] when there exists u,v € C(0,1) such that C(f)o(u®1,)=uX f and
C(f)o(vX1,) =vK1, for each f € C(n,n). A dagger controlled prop [10] is a dagger prop
(C,t) with a choice of control functor C' : Cendo — Cendo satisfying the equation Cot=toC. A
conjugated controlled prop [10] is a dagger controlled prop (C,f,C) which satsifies the equation
C(gtofog)=(1Kg")oC(f)o(1Xg) for each f € C(n,n) and g € C(m,n). Given a prop signature
Y, it is possible to extend the construction of P(X) to obtain a controlled prop Po(X). The
morphisms in Po(X) must also satisfy the equation that C(f) € Po(X)(n+1,n+ 1) for each
f € Pc(2)(n,n). The morphisms in Po(X) are also subject to the following equations.

o C-Functoriality. C(1) =19 and C(go f) =C(g)oC(f) for each f:n —n and g:n —n.

« Controlled Identity. C(fX1)=C(f)X1 for each f:m —m.

o Control Symmetry. (c¢X1,)oC(C(f))=C(C(f))o(cX1,) for each f:n— n.

o Data Symmetry. (1X~, ;)oC(f)o(1Xv, %) =C(Vn ko fovns) for each f:n+2—n+2.
Just as P(X) is free with respect to strict monoidal functors, it is straight-forward to show that

the category Pco(X) is free with respect to strict monoidal functors that preserve controls. A
graphical language for Po(X) can be found in Fig.

Rewriting in Props. Let ¥ be a prop signature. A Y-equation is a pair (f,g) of morphisms
from Mor(P(X)) such that dom(f) = dom(g) and cod(f) = cod(g). A set of ¥-equations is
called a prop congruence relation if it is transitive, reflexive, symmetric, and closed under both
sequential and parallel composition. In particular, the following congruence conditions hold for
each f,g € P(X)(n,m).

1. If (f,9) € E with h:s—n and k:t — m, then (ko foh,kogoh) € E.

2. If (f,g) € Ewith h:s—tand k:x —y, then (hX fXEkhAXgXE) € E.

A set of Y-equations E from Mor(P¢ (X)) is called a controlled prop congruence relation if it
also satisfies (C(f),C(g)) € E for each (f,g) € E. Given a set of ¥-equations E, there exists a
minimal congruence relation R such that £ C R. There then exists a unique prop P(X)/FE with
a unique projection 7g : P(X) — P(X)/FE such that the following equations hold (see [6]).

1. mp(f)=7g(g) if and only if (f,g) € R.

2. If F: P(¥) — C is a prop functor and F(f) = F(g) for each (f,g) € E, then there exists a
unique prop functor Fg : P(X)/E — C such that Fgonrp = P(F).
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Figure 2: A known equational theory [10] for the category of controlled quantum circuits, where
a,a1,a0 € R and (5o, 51, 52, 03) = Euler(a,a9) as defined in Section

This extends readily to controlled prop categories and their functors. The pair (¥, F) is said to be
a prop presentation for the class of props isomorphic to P(X)/E. In particular, if F': P(X) —C is
surjective, then a presentation for C is a pair (X, E) such that (f,g) € E if and only if F'(f) = F(g).
Often E is called a complete equational theory for C and F' is called a semantic interpretation
and is denoted [—]c. We write f ~g g when (f,g) is in the congruence relation induced by E.

Quantum Control. Let Unitary denote the prop category of unitary matrices and {|0),[1)}
denote the computational basis for C2. It is well known that Unitary is a dagger prop with
1 : Unitary — Unitary°P sending each matrix U to its conjugate transpose UT. For each d € N,
there is a prop subcategory Unitary, of Unitary such that Unitary,(n,n) = Unitary(d",d").
It was shown in [I0] that C(f :n —n)=10)(0|®1L,+|1) (1| ® f is a conjugated control functor
for Unitary, with points (|0),|1)). It was further shown that Unitary, admits a controlled
prop presentation CQC with generators Ycqc = { {&} } U{[e] : @ € R} and relations @ as
depicted in Fig. The semantic interpretation for this theory is generated by [{a}]Jc = H

and [[@]]c = €' where H is the Hadamard matrix.

3 The Semantics of Generalized Controls

This section introduces an operation (®) called the control product which provides a symmetric
generalization of controlled operations in unitary quantum circuits. We begin by defining an
assignment ® : Unitary x Unitary — Unitary on unitary matrices. If U and V are two unitary
matrices, then we define U ®V = exp(Log(U) ® Log(V)/(im)). The normalization factor 1/(im)
restricts the eigenvalues of the Hermitian matrix to (—m, 7], and consequently (®) is associative.

Theorem 3.1. The control product is unital and associative with unit (—1). Moreover, given a

sequence Uy,Us, ..., U, € Mor(Unitary), Oj=1Uj=exp (2'7r- i1 LogzigrUJU

Unfortunately, the control product is not a bifunctor since U® (VoW) # (UG V)o(U®W) in
general. However, the control product does enjoy many desirable properties. For example, if the
first coordinate is fixed to Z, then for each U € Unitary(n,n), ZoOU =|0)(0|®L,+|1) (1| ®U.
That is to say, Z ® (—) is the standard canonical control functor on Unitary,. It follows



W. Schober & S. Wesley 5

that Z® X is a CNOT gate and Z® Z is a CZ gate. Since X ®(—) is also a control functor,
then this formalization suggests that the CNOT gate is also a Z-gate controlled in the X-basis.
This insight can be used to explain phase kickback [25]. Of course, it is natural to ask for which
U € Mor(Unitary) will U ® (—) be a control functor. This is answered by the following theorem.

Theorem 3.2. Let H be an n-dimensional Hermitian matriz with eigenvalues {a;}]_y in (—1,1]
and orthonormal eigenbasis {b;}]_y. If U=exp(iHn), then UGV =377_4 |bj) (bj| @V for each
V € Mor(Unitary). In particular, Z©®V =|0)(0|®L, +|1) (1|®@V for V € Unitary(m,m).

Corollary 3.3. If U € Unitary(d,d) and F(—) =U ® (—), then the following conditions hold.
o C1. F(1,,)) =1y, for each n € N.
e C2. F(V&I,)=F(V)®IL, for each n € N and V € Mor(Unitary).

e C3. F(F(V))o(04a®1,) = (044®1L,) 0 F(F(V)) for each V € Unitary(n,n) where 044
is the monoidal symmetry C? @ C? = C% o C?.

o« C4. F(PtoVoP)=(;@P")oF(V)o(Iy®P) for each V,P € Unitary(n,n).

The assignment F(—) is a functor if and only if U is Hermitian. Moreover, if F(—) is a
functor, then F(—) restricts to a conjugated control functor on Unitary,. This control functor
is (u,v)-pointed if and only if Ulu) = — |u) and U |v) = |v).

Theorem establishes a relation between control products and matrix powers. Moreover,
if a € (—1,1], then U% = U ® €™, Unfortunately, matrix powers are only well-behaved for small
choices of «, as illustrated by the following theorem. In general, the properties of exponentiation
will depend on the eigenvalues of U. To this end, we will say that \; is (o, 3)-admissible if either
a)j € (—1,1] or B € Q with reduced denominator dividing [(aA; —1)/2].

Theorem 3.4. For a € R, U®¢e'™ =U® for all U € Mor(Unitary) if and only if a € (—1,1].
If U € Mor(Unitary) is Hermitian, then U ® e ™ =U® for all a € R.

Theorem 3.5. Let U € Unitary(n,n) with {\;}}_, the eigenvalues of Log(U)/(im). For each
a €R and BER, (U*)P =U if and only if for each j € {1,2,...,n}, \; is (o, B)-admissible.
This means that Z and (—1,1] are mazimal submonoids of (R,-) for which (U,a) — U® defines
a monoid action on Mor(Unitary).

It was shown in [28] that generalized controls emerge naturally when studying quantum
algorithms using the techniques of [11]. Moreover, Theorem and Theorem show that
generalized controls are inherently connected with the matrix powers already used in quantum
programming languages such as OpenQASM 3 [9]. Ideally, one would hope that the intuition for
standard controls and scalar powers would generalize to this setting. It is clear from Corollary[3.3]
and Theoremthat neither of these hopes hold true. For example, integer exponentiation (i.e.,
repeating and inverting circuits) does not interact well with unit fraction exponentiation (i.e.,
computing roots of circuits), despite these two operations being fundamentally related. This
motivates the study of complete equational theories, which could be used to work soundly with
these constructs in the context of circuit optimization, simulation, and equivalence checking.

4 Props with Exponentiation and Generalized Control

Hierarchical quantum circuits build upon the prop formalism by introducing two new connec-
tives, namely (®) and (1). The (®) connective can be thought of as an abstraction of generalized
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n d da
na m /3
(a) Uta. by UaV. ) UOVeW. (d) U € HQC|2](3,3) \ HQC][1](3,3).

Figure 3: A graphical language for the morphisms in HQC. In these diagrams we assume that
U:n—-nV:m—m,and W:{— /(.

control, and the (1) connective can be thought of as an abstraction of circuit exponentiation. As
outlined in the previous section, the (®) connective should be associative, though few assump-
tions can be made about the (1) connective. In particular, neither (®) nor (1) are functorial
in general. This means that unlike a controlled prop, it does not suffice to simply complete a
standard prop under the application of two functors. Instead, the hierarchical language will be
constructed in levels, with the lowest level corresponding to a standard prop.

The basic idea of this construction is that given a free prop P(X), the powers and generalized
controls can be freely constructed as purely syntactic objects. Since circuits in P(X) are equal
up to diagram isomorphism, then their exponentiated and controlled forms will also be equal
up to isomorphism of their subcircuit constituents. These syntactic objects are then combined
with the gates in ¥ to generate a strictly larger prop containing P(X), and the process repeats.
More formally, the construction proceeds as follows.

Exponentiation. Let C be a prop category. If U € Mor(C) and « € R, then there should be
a unique term U 1T« which is thought of as exponentiating U by «. Since we do not require
exponentiation to satisfy any further properties, then Power(C) = Mor(C) x R. We write U T«
for an element (U, «) € Power(C). Of course, dom(U 1 «a) = dom(U) and cod(UTa) =cod(U). A
term of the form U 7T« is denoted by raising U to the power of «, as depicted in Fig.

Generalized Controls. Let C be a prop category. Since (®) is known to be associative, then
it suffices to generate the free monoid Mor(C)* on Mor(C). We write Uy © Uy ®--- ® U, for an
element (Uy,Us,...,U,) € Mor(C)*. Of course, only terms of length two or more correspond to
valid generalized controls in the circuit language. We write Tower(C) :={T € Mor(C)* : |T'| > 2}.
If T € Tower(C), then dom(T") = }77_; dom(T}) and cod(T') = >>"_, cod(Tj) where n =|T|. An
n-ary (®)-product is illustrated by a vertical wire joining the n factors, as in Fig.|3bjand Fig.

Constructing the Hierarchy. The construction begins with a primitive gate set Xppim. In
the case of this paper, ¥ppim = { —-— , — , & , 6 , , o }. This gives rise to a free prop
HQC[0] = P(E%QC> where E%IQC = Yprim- Lhe construction then proceeds inductively as
follows. For each n € N, define a signature Z”HJSC = Yiqc U Tower(HQC[n]) U Power(HQC|n])
and a prop category HQC[n+1] = P(E’ﬁ'gc). Since Yfjqc ZTIL{J[QIC, then this construction can
be summarized by the following diagram.

Z%QC — thc — E%IQC Shoc

l l l l

UHQC0]) —— U(HQCJ[1l]) —— UHQC]2]) —— --- —— U(HQC[n]) —— ---
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Since Mor(HQC]|n]) € Mor(HQC]|n + 1]), then there is an identification of monoid generators
such that Tower(HQC|n]) < Tower(HQC[n+ 1]). We will assume this identification, such that if
T € Tower(HQC][n]) and S € Tower(HQC[n+1]), then TOS=T1 (120 (---© (T ©S))) where
k=|T|. The categorical colimit of this construction is denoted HQC, so that HQC = P(Xuqc)
where Yrqc = Un2y YHiqc- The following lemmas characterize how to map freely out of HQC.

Lemma 4.1. Let ¥§ = Yiqc and 5,1 = Sfige \ Shqe for eachn e N. If {7, : X5, = U(C)};2,
1s a family of prop signature morphisms, then there exists a unique prop functor F: HQC — C

such that F(g) = 7,(g) for each n € N and g € £
Lemma 4.2. YxqQc = Zprim U Xctrl U Zpow where X1 = {U OV : U,V € Mor(HQC)} and
Ypow ={UTa:U € Mor(HQC) and o € R}.

It should come as no surprise that the standard semantic interpretation for HQC is defined
in terms of the generalized controls and exponentiation in Unitary. It follows from Lemma
that the following set of equations defines a unique prop functor [—]z : HQC — Unitary. Note
that this is well-defined since (®) is also associative for Unitary by Theorem [3.1

so(—=—)=2Z so(——)=—2Z sp(-e—)=X so(-e—=)=—-X so(s)=-1
so< ) =H  $p1(U1 0 0U) =sn(U1) @0 sn(Ug)  Sps1 (UTa) = su(U)*

The following set of equations are also well-defined by Lemma [4.2] and define a unique prop
functor 1 : HQC — HQC®P which sends each circuit in HQC to its syntactic adjoint.

d(+)= = d(=)=—= d(e)=- d(e)=-o d({+)=-{0+

_ ” _ ”_1 n «@ __ n —«
d(e)=" d<m )— -] d( )=

Theorem 4.3. If U € Mor(HQC), then [U']g = [[U]]TH

Given the syntactic adjoint map (f), it is then possible to define syntactic diagonalization.
Fix some n € N which will denote the number of wires in these circuits. Then for each x € {0,1}"
and a € R, there exists a circuit A\(z,a) € HQC(n,n) such that [A(z,a)]x = exp(iH) where
H= a(X)’;:_& |zj) (x;|. Moreover, A(z,a) can be constructed entirely from NOT-gates and global
phase gates with zero or more Z-controls (see Section. A circuit A is in diagonal form if there
exists a bijection f:{1,2,...,2"} — {0,1}" and function «:{1,2,...,2"} — (—m, 7| such that
A=X(f(1),a(l))o -0 A(f(2™),a(2™)). Then a syntactic diagonalization of U € HQC(n,n) is a
choice of diagonal form A € HQC(n,n) and P € HQC(n,n) such that [U]z = [PToAo P]g.

4.1 A Sound Equational Theory with Unitary Controls

The equational theory FE for hierarchical quantum circuits can be found in Fig. Some care
must be taken when defining this equational theory, since Fig. [4 also includes congruence rela-
tions, such as (V=g W)= (U®V =g U®W). To avoid cyclic reasoning, F must be defined
inductively. First, let Fy denote the set of relations described by E(1) through E(21). Then for
each n € N, define E, 1 as follows.

Enti=E,U{(Vta,Wta):ac€R and V =g, W} (see E(22))
U{(UoV,UW):UcMor(HQC) and V ~g, W} (see E(23))
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Collection 1: Ordinary Circuit Relations

E(1)
=
E( E(5 > 0 0 B(6) gl ds E(7)...
o e T gL MO 2 B

E(2) E(3)
= —— = -

o -1 —1p o 1)y —1p D
®/ ®/ ®/ ®/

[
o ~--

Collection 2: Generalized Control Relations

= E(®8) +— E(9) v} E(10) ,,_\ T E(11) —*
— V] d D
B(12) A p(13) fexeal 50y Ao

Mz - B(15) 44 L
= |AMzypr/m)
Ay,v) A4 L

mj

Collection 3: Generalized Exponential Relations
E(16) (17) (18) - EQ9

E E
E L L L L0y O Lty (R
E(20 E(21
At " A Aol "2 A

Collection 4: Congruence Relations (Inductively Defined)

E(22) "L E(23) A
“ vl =g Aw = e =7 Awe and =
V] [w] o

Figure 4: An equational theory for the category of hierarchical quantum circuits in which
a, 3,601,605 € R, (pom, o170, o, p3) = Euler(617,027), x € {0,1}", y € {0,1}™, and p,v € (—7, 7.
The circuits A and T' are prefixes of diagonal forms such that a lambda generator with binary
string x does not appear in A.

Then E = J;—y En, so that U ~g V if and only if there exists some n € N such that U =g, V.
It follows from E(1—4) that all of HQC/FE can be generated using only two of the three gates
in{—- , o, } together with { « }. Moreover, the relations E(1) and E(2) are redundant
and are only included to make these observations more evident (see Section [J)).

Theorem 4.4 (Soundness). If U gV, then [U]g =[V]x.

Recall from the previous section that even though (1) mapped each circuit to its intended
adjoint, it was not a dagger functor on HQC. This is because HQC was freely generated, and
therefore unaware of the intended groupoid structure on HQC. However, it can be shown that
UoUtxp1,~pgUlogU for each U € HQC(n,n). In categorical terms, this means that (1) lifts
to a dagger functor on the quotient category HQC/E. Unfortunately, defining a dagger functor
on a quotient of a free prop category can be tricky. To this end, Theorem first introduces a
general procedure which works in the case where all morphisms are intended to be unitary. The
relations ensure that P(X)/FE is a groupoid and that H maps each morphism in P(X)/FE to its
inverse. This theorem is then used in Theorem to show that (f) lifts to a dagger functor.
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Theorem 4.5. Let X be a prop signature, 7: 3% — U(P (X)) a prop signature morphism, E a
collection of ¥-equations, and F : P(X) — P(X)°P the unique prop functor satisfying the equation
T=U(F)oi. If F(g9)og~E liom(g) and go F(g) =g leod(g) for each g € X, then there exists a
unique prop functor H : P(X)/E — (P(X)/E)°P such that Hong =mp oF. Moreover, H is a
dagger functor and every morphism in P(X)/FE is unitary.

n

E(18 E(16
(19) 0 BOO

Lemma 4.6. If U € HQC(n,n) and a € R, then ~ AU
Theorem 4.7. 73/ ot lifts to a unique dagger functor 1 : HQC/E — (HQC/E) and every
morphism in HQC/E is unitary with respect to (1).

It can then be shown that mapping each circuit U to a circuit —— ®U defines a dagger control
functor on HQC/E. This will be necessary to compare the prop presentation (Y¥aqc, F) with
the controlled prop presentation (X¥cqc,@). To simplify this construction, it is first shown that
every control functor on a category such as HQC/E must be unitary (Lemma . Using this
lemma, a general procedure is then introduced for defining control functors on prop presentations
(Theorem [4.9)), which is then applied to HQC with 7,,(U : n —n) = —— ©U in Theorem
Note that all conditions except for (4) correspond directly to relations in F.

Lemma 4.8. If (C,7) is a dagger prop such that every morphism in Cendo @S unitary, then every
control functor C' : Cendo — Cendo 1S @ dagger control functor.

Theorem 4.9. Let 3 be a prop signature consisting of endomorphic generators, E a collection
of X-equations, and {7, : P(X)(n,n) — P(X)(n+1,n+1)}nen be a family of ordinary functions.
Consider the following list of properties which {7, }nen could satisfy.

1. If n €N, then 7,(1,,) =g 141.

2. If fin—n and g:n—n, then T,(go f) =g m(g) oo (f).

3. If f:n—n and (f,g9) € E, then 7,(f) =g m(9)-

4. If f:n—mn, then 141 (fX1) =g 7(n)X1.

5. If fin— m, then Tni1(Ta(f)) mp (0 W 1n) 0 Tpr (Tn(f)) 0 (0 W 1n).

6. If frn+2—=n+2and0<k<n, then To12(Vn ko fovnk) ®E (18Vn k) 0Tnya(f) o (L&Y k).
If conditions (1) and (2) hold, then there exists a unique ordinary functor F : P(¥) — P(X)/E
such that Ob(F)(n) =n+1 and F(f :n—n)=ng(m.(f)). If condition (3) also holds, then there

exists a unique ordinary functor H : P(X)/E — P(X)/E such that Hong = F. If conditions (4)
through to (6) also hold, then H is a control functor.

Theorem 4.10. There exists a unique conjugated control functor C: HQC/E — HQC/FE sat-
isfying the equation C(ng(U)) =nmg(—— OU) for each U € Mor(HQC).

5 Equational Completeness

This section proves that E is a complete equational theory for HQC with respect to the semantic
interpretation [—]z. The proof begins by showing that the equational theory is complete for
the sub-language Core of HQC consisting of global phase gates, single qubit rotations, and
controls in the Z-basis. The idea of this proof is to leverage the completeness of (Xcqc, Q) with
respect to [—]c. We will first consider the simpler case, in which (Xcqc, Q) is a merely a prop
presentation, as opposed to a controlled prop presentation.
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1. Construct a functor Enc: Core — CQC such that [Enc(—)]c = [—]z. This means that if
[Ula =[V]#, then [Enc(U)]c = [Enc(V)]c, which implies that Enc(U) ~¢q Enc(V).

2. Construct a functor Dec : CQC — Core which respects the relations in Q. This means
that for each relation (X,Y") € @ used to prove Enc(U) =g Enc(V'), there is a corresponding
sequence of relations Dec(X) ~g Dec(Y').

3. Ensure that W ~g Dec(Enc(W)) for all W € Mor(HQC). This is because the decoder can
only prove that Dec(Enc(U)) ~g Dec(Enc(V)).

Unfortunately, CQC is a free controlled prop, so Dec must map into the quotient Core/E, as
opposed to Core. This means that Dec maps each circuit in CQC to an equivalence class of
circuits in Core, from which representative circuits must be chosen.

Theorem 5.1. Let (I',Q) be a controlled prop presentation which is complete with respect to
the interpretation [—]r : Po(T') = C, and (X,FE) be a prop presentation equipped with a control
functor C': P(X)/E — P(X)/E and a prop functor [—]x : P(¥) — C. Assume that there exists
a prop functor Enc: P(X) — Po(T') and a controlled prop functor Dec: Po(I') — (P(X)/E,C)
such that the following properties hold.

1. If x € ¥, then [Enc(x)]r = [z]s.
2. If (X,Y) €Q, then there exists X* € Dec(X) and Y* € Dec(Y') such that X* ~g Y*.
3. If x € 3, then there exists f € Dec(Enc(x)) such that x ~p f.

Then (X, E) is complete with respect to the semantic interpretation [—]x.

It remains to show that the completeness results extend to all of HQC. The basic idea is
to show that for each U € Mor(HQC), there exists a V' € Mor(Core) such that U ~g V. This
means that every circuit in HQC can be rewritten to a circuit in Core, in which F is already
known to be complete.

Theorem 5.2. Let ¥ CT' be prop signatures with an equation theory (X,E) that is sound and
complete with respect to [—] : P(I') — C. If for each g € T', there exists a f € P(X) such that
g=~pg f, then (I, E) is a complete equational theory with respect to [—].

Constructing the Sub-Language. The sub-language is constructed inductively, starting from
the gate set £, = {{FF tU{ o, @, g , g ,+* :a €R}. The construction then
proceeds as follows. First, a free prop category Core[n] = P(3¢,,.) is constructed for each
control depth n € N. The category at control depth n is then closed under a single application of
the control functor, by setting SgH =2 U{ - ©U:U € Mor(Core[n])} for each n € N.
This yields an infinite diagram of chain of inclusions, as in Section [3| The categorical colimit of
this sequence will be denoted Core. This means Core = P(Xcore) Where Xcore = Upeo X¢

Core*
Clearly C(—) restricts to Core/FE, since . U is a representative of C(ng(U)).
Lemma 5.3. The functor C: HQC/E — HQC/E restricts to Core/E.

Unfortunately, (1) does not restrict to Core since U ®V € Mor(Core) does not imply that
(U®V)1(—1) € Mor(Core). However, there does exist a prop functor I : Core — Core? such
that Ut ~g U for all U € Mor(Core). It follows from Lemma [4.1| that the equations do(g) = gf
and dyy1(—— OU) = - ©d,(U) define a prop functor I : Core — Core®P.

Lemma 5.4. If U € Mor(Core), then Ut ~g UT.
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Constructing the Encoder. The encode will be defined by the following set of equations,
together with the inductive rule e, 11(—— ©U)) = C(e,(U)) defined for each n € N.

()= L e ()= eo () = [a7]
o) = (e )= 1 o (- ) = {7

It follows immediately from Lemma that this defines a prop functor Enc: Core — CQC.
Moreover, this prop functor preserves the semantics of HQC. For gates in E%Ore, this follows
by a direct matrix computation. For gates in X%IL \ 22 this follows from Theorem

Core Core>

Lemma 5.5. If g € Xcore, then [Enc(g)]c = [9]z-

Constructing the Decoder. Let Dec: CQC — (Core/E,C) be the unique controlled prop
functor defined by the equations Dec({#}- ) = ng({u}- ) and Dec([a] ) = ng( /7). The
relations Q(1), Q(2), and Q(5) appear in the set of relations for HQC, and are therefore
respected by Dec(—). The relation Q(4) is also respected by Dec(—) since it is an instance
of unitarity. The relations Q(6) through to Q(9) also hold since C(—) is conjugated. To show
that relation Q(3) is also respected, it suffices to prove Lemma

Lemma 5.6. The following equations hold.

- <o T~
1 E, 1

Lemma 5.7. If (X,Y) € Q, then X* =g Y* for some X* € Dec(X) and Y* € Dec(Y).

Round-Trip Translation. At this point, an encoder Enc: Core — CQC and a decoder
Dec: CQC — Core/E have been established. It remains to be shown that 7 (g) = Dec(Enc(g))
for each g € Xcore. Since Dec(—) is a free control functor, then it suffices to prove the condition
for g € Gy. This follows via routine derivations and consequently establishes completeness.

Lemma 5.8. If g € Xcore, then there exists U € Dec(Enc(g)) such that g ~g U.

Theorem 5.9. (Xcore, F) is complete with respect to the semantic interpretation [—] g .

5.1 Completeness for the Full Language

It remains to be shown that every circuit in HQC can be reduced to a circuit in Core. The
proof begins by showing that this is possible when a set of primitive gates is added to Core.
This new language is denoted CExt[0]. The proof then proceeds by induction on CExt[n], in
which each step adds increasingly more complex gates to CExt[n]|. At each step of the proof, it
is shown how a reduction procedure for CExt[n| can be used to obtain a reduction procedure
for CExt[n+1]. Formally, let 25 ; = Ycore UXprim and CExt[0] = P(X2g ). Then for each
n €N, let SEE . = Yp, U Tower(CExt[n]) U Power(CExt[n]) with Core[n+1] = P(X2gy)-
It is not hard to see that Z?JQC C Y¢gxt € XHQC for each n € N. It follows that the categorical
colimit of this sequence is HQC.
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The Base Reduction. The only gates which appear in CExt[0] but not in Core are the
primitive rotation gates free from exponents. Of course, the relation E(17) in E allows for these
gate to be rewritten to the form (g11). This motivates the following reduction.

(e)= b m(=—)= <k n(e-)= el ril-e-)= b

ro({u}- ) = i} ro(Uta) =Uta roUeV)=U6V

Then by Lemma these equations define a unique prop functor Reducey : CExt[0] — Core
with the property that U ~g Reducey(U) for each U € Mor(CExt[0]).

The Inductive Construction. Assume that there exists a functor Reduce,, : CExt[n] — Core
with the property that U ~g Reduce, (U) for each U € Mor(CExt[n]). The goal of this step
is to construct a new functor Reduce,; : CExt[n+ 1] — Core such that U ~g Reduce,11(U)
for each U € Mor(CExt[n+1]). Of course, the new gates in CExt[n+ 1] are gates of the form
U®V and UTa where U € CExt[n] and V € CExt[n|. For simplicity, we will consider the case
of exponentiation. Since U € CExt[n], then (U T «) rewrites to (V 1a) where V = Reduce, (U).
It is not hard to show that Core is universal for unitary qubit quantum computation. Then
means that there exists a circuit P and a diagonal circuit A such that [PfoAo P]y = [V]x.
Since E is complete for Core with respect to [—]z, then V ~pg PfoAoP. Tt then follows
from relations E(20), E(22), and Lemma that U1 a ~g P*o(Ata)oP. Using relation
E(17) and E(21), it is then possible to reduce (A1 a) to a diagonal circuit in Core. A similar
procedure can be carried out for U ® V, using relations E(14) and E(15). These procedures
are stated formally in Section [H| with proofs of termination, and are denoted Drop,,(U,«) and
Expand,, (U, V), respectively. Using these procedures, the following reduction is obtained.

rn(9) if g € X
Tnt1(g) = { Expand,, 1 (g9) if g € Tower(CExt[n]) NMor(CExt[n + 1])
Drop,, 1 (U,«) if g=U"a for U € Mor(CExt[n]) and o € R

This defines a unique prop functor Reduce,; : CExt[n + 1] — Core with the property that
U ~g Reduce,,11(U) for each U € Mor(CExt[n + 1]).
Theorem 5.10. (Xuqc, E) is complete with respect to the semantic interpretation [—] .

6 Conclusion

In this paper, we introduced the notion of generalized controls. We studied its algebraic prop-
erties and established its relation to circuit exponentiation and conjugated control functors.
Based on these operations, we then introduced the notion of a hierarchical circuit language,
which extends a standard prop category with an abstract notion of generalized control and ex-
ponentiation. It was then shown how the algebraic properties of generalized controls could be
used to obtain a sound and complete equational theory for the category of hierarchical quantum
circuits. A key insight obtained from this proof is that reducing hierarchical quantum circuits
to controlled quantum circuits can be seen as a form of diagrammatic circuit diagonalization.
There are several directions for future work.
1. Finding a purely categorical description for (®) and (1), and their pointed extensions.

2. Exploring quantum circuit compilation from the perspective of hierarchical circuits.

3. Identifying sub-languages for which diagrammatic diagonalization is efficiently computable.
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C - A

(a)0:0—-0. (b)1:1—=1. (c)o:2—2. (dx:n—=>m. (e)gof:n—m. (f) fRg:n+s—m+t.

Figure 5: A graphical language for the morphisms in P(3). Two morphisms in P(X) are equal
if and only if their diagrams are isomorphic [29]. A complete set of graphical rewrite rules to
determine if two morphisms are isomorphic can be found in [7].

A Conventions for PROP Categories

A prop category is a strict symmetric monoidal category (C,X,I) in which (Ob(C),X) is the
monoid of natural numbers [24]. A functor between two prop categories is a symmetric monoidal
functor F': C — D such that Ob(F)(1) =1. A prop signature is a collection of symbols X
equipped with a domain operator dom : ¥ — N and a codomain operator cod : ¥ — N. Prop
signatures form a category in which the morphisms from ¥ to I' are the functions 7: % — I
which satisfy the equations dom(7(z)) = dom(z) and cod(7(x)) = cod(z) for each = € ¥. There
exists an underlying signature functor U : Prop — Sig which sends each prop category C to
U(C) = Mor(C) and each prop functor F': C — D to U(F) = Mor(F'). For each prop signature
Y, there exists a prop category P(X) such that the set of morphisms in P(X) is the minimal
solution to the following set of equations where (o), (X), (0), (1), and (o) are formal symbols [7].

o Structure. 0 € P(X)(0,0), 1 € P(¥)(1,1) and 0 € P(X)(2,2).

o Generators. If z € ¥, then g € P(¥)(dom(z),cod(z)).

o Sequential Comp. If f € P(X)(n,z) and g € P(X)(x,m), then (go f) € P(X)(n,m).

o Parallel Comp. If f € P(X)(n,m) and g € P(X)(s,t), then (fXg) € P(X)(n+s,m+t).
The identity morphisms in P(X) are 19 =0 and 1,41 = 1X1,, and o is the generating permuta-
tion. In particular, 011 =0 and oy 41 = (cX1;) 0 (1X oy 1) defines the family of permutations
which swap 1 with k. The morphisms in P(X) are subject to the following relations [7].

e Sequential Unitality. 1,,0f = f = fol, for each f:n—m.

« Parallel Unitality. 10X f = f = fX 1 for each f:n — m.

o Sequential Associativity. (hog)of=ho(gof) for each f:n—x and g:x — m.
o Parallel Associativity. (fXg)Xh= fK(gXh) for each f,g,h € Mor(P(X)).

o Bifunctoriality. (koh)X(go f)=(kXg)o(hK f) for each n Jyw % mand s y L

e Symmetry. coo =15 and (fX1)ooy ;=010 (1K f) for each f:n— m.
Note that from the Symmetry relations, it is possible to derive the standard permutation
relations as defined [22]. Obviously, there exists an inclusion i : ¥ — U(P(X)) which maps each
generator in 3 to its corresponding element in the free prop. Moreover, P(X) is free in the
sense that for each C € Ob(Prop) and each 7 € Sig(X,U(C)), there exists a unique functor

F: P(¥) — C such that U(F)oi =7 [6]. Concretely, F is defined by the following equations
where z € 3.

F)=1 Flo)=0 F(z)=f(z) Flgof)=F(g)oF(f) F(fWg)=F(f)RF(g)

The morphisms in P(X) can be understood as circuit diagrams [17], as depicted in Fig.
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o
B(6) —#-@4
o

Figure 6: The Euler relation used in HQC/FE (left) together with the equivalent relation used
in CQC/Q from which it was derived (right).

B The Euler Relation

This appendix summarizes the details of relation E(6). This relation is a complex generalization
of the Euler angle decomposition for 3D rotations, which describes how rotations on a sphere can
be decomposed into rotations around any two chosen axes. There are many equivalent variations
of this relation in the literature, varying in the choice of axes, exact number of parameters
involved, and their corresponding algebraic relations to one another. Use of an Euler angle
relation was shown to be necessary for completeness in [4, [34]. Relation E(6) is equivalent to
the Euler relation used in [10] as described below (see Fig. [6). For details beyond about this
Euler relation beyond what is listed here, we refer to [34] 4, [5, [10].

The relation Q(5) involves a pair of arbitrary input angles ay, a2 € R on the left-hand side,
and quadruplet of corresponding angles (o, 81, 82, 83 € [0,2) on the right-hand side. In E(6), the
powers #; and 0 are related to the angles (a1,a2) by o =6;m. The angles By, B1, [z, and 53
are related to ay and ag through the function Euler(ay,an) = (5o, 51,82, 83) as defined in [10],
whose behavior is as follows.

ui= —sin(o‘lga?) +icos (HU522)

v 1=+ cos (2£92) —jsin (4592)

o) f2 B3

itv=0 2arg(u) 0 0

ifu=0 2arg(v) T 0
otherwise | arg(u)-+arg(v) | 2arg(i+|%|) arg(u) —arg(v)

By = (m+ a1+ ag — 1 — P2 — f3)

0~ 2

Finally, the powers (¢q, ¢1,d2,¢3) on the right-hand side of E(6) are related to (8o, 81, 82, 83) by
¢j = B;/m. Since the following equations hold for each o € R, then these relations are equivalent
modulo their intended semantics.

[[—-“—]]H:Z(Om):[{ ﬂH [{_@Q_}]H:X(Cm):ﬂ :|]H

C Proofs for Section [3

This section contains all proofs for Section [3
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C.1 Proof of Theorem [3.1]

Proof. First, it must be shown that (®) is unital with unit (—1). Since Log(—1) = im, then the
following equations hold for all U € Mor(Unitary).

(1) ©U = exp(Log(—1) ® Log(U)/(im)) = exp(Log(U)) = U
U ®(—1) = exp(Log(U) ® Log(—1)/(im)) = exp(Log(U)) = U

Then (1)U =U =U ®(-1) for all U € Mor(Unitary). In other words, (®) is unital with unit
(—1). It remains to be shown that (®) is associative. To this end, let U, V,W € Mor(Unitary).
Let {a;}_; denote the eigenvalues of Log(U) with orthonormal eigenbasis {b;}"_; and {8;}2,
denote the eigenvalues of Log(V') with orthonormal eigenbasis {c;}7;. Then then following
equation holds where A =Log(U)® Log(V)/(im), since (®) is bilinear.

Z% (Zajlbjﬂbj!) ® (Zﬁk|6k> <Ck|) ZZ ‘W’“ (16;) @ [ex)) (0] @ (cx])
j=1 k=1

J=1k=1

Then {|bj) ®|ck) : j € {1,2,...,n},k € {1,2,...,m}} is an orthonormal eigenbasis for A. More-
over, for each j € {1,2,...,n} and k € {1,2,...,m}, the eigenvalue associated with |b;) ® |cy) is
(ajBr)/(im). Since p, € i(—m, 7], then By /(i) € (—1,1]. Consequently, (c;f)/(im) € i(—m,7].
Since j and k were arbitrary, then all eigenvalues of A fall within i(—m,7w]. Consequently,
Log(U ® V) = A and the following equation holds by the associativity and bilinearity of (®).

UOV)OW =exp <L0g(U OV)® Log(W)> = exp (Log(U) ® Log(V) ®L0g(W)>

im (im)?
By a similar argument, Log(V ©® W) = B where B = Log(V') ® Log(W)/(imw). Then the following
equation also holds by the associativity and bilinearity of (®).

Log(U) ® Log(V ® W)) — exp (Log(U) ®Log(V)® Log(W))
(im)?

U@(V@W)—exp(

s
In conclusion, (UG V)OW =U® (VoW). Since U, V, and W were arbitrary, then (®) is

associative. Next, the equation for @;7‘:1 U; will be derived. The proof follows by induction.

« Base Case. @?:1 Uj=—1and Log(—1) = ir =ir-1 =ir @), Log(Uj)

¢ Inductive Hypothesis. For some n € N, if {Uj}?:1 is a sequence over Mor(Unitary),
then Log (@;‘:1 Uj) =i Q= Log Log(Uy),

+ Inductive Step. Assume for some n € N, if {U;}7_; is a sequence over Mor(Unitary),
then Log (@?:1 UJ> =ir@j Log . Let {U; }”+1 be a sequence over Mor(Unitary). As

[

shown previously, Log (@”H U-) = Log (@j:l Uj> ®@Log(Up+1)/(im). Then by the induc-
tive hypothesis, Log( "HU) = (i7T®;L:1 LOg.(Uj)) @ LogWUni1) _ ®"+1 Log U]). Then

1T (s

the inductive step holds.
Then by the principle of induction, Log( ?:1) iT Q- Log LoeWi) fo1 each sequence {U;}7_
over Mor(Unitary). In other words, ©j_; U; = exp (m ®j:1 Logi(U)) O

17
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C.2 Proof of Theorem [3.2]

Proof. Let M be an m x m matrix. If H were diagonal, then H ® M would be block diagonal.
This equation follows by the bilinearity of (®).

n n n a1t M
(Z%!eg‘ﬂeﬂ)®M=Z%|€j><6g‘!®M=Z\€j><€j\®%‘M= [ ]
j=1 j=1 =1 anl

Since H is Hermitian, then there exists a P € Unitary(m,m) such that P unitarily diagonalizes
N. That is to say, P|j) = |b;) for each j € {1,2,...,n}. It follows that H ® M is block diagonal
with respect to the basis {b;}7_; with blocks {a; M}7_;.

o1 M

] (PT®1,,)

j=1 S anM

HoM = (P®1,) ((zn:ajyej><ej\) ®M> (Pt @Ly) = (P®Ly)

Let @ = P®1,,. Then by Eq. , the following equation also holds.

arM ay M
sl )"
oan M on M

Since exp(—) acts pointwise on block diagonal matrices, then we conclude that for each Hermitian
matrix M =37, B;|bj) (bj| and n x n matrix M, the matrix exp(N ® M) is block diagonal with
respect to {b;}_; with blocks {exp(a;M)}7_;.

exp(a1 M)

exp(H M) =(P®1L,) (PT@Ly)

) exp(an M)

Returning to the original basis, the following equataion holds.

[b;) (bj| @ exp(c; M)

M-

1

exp(Ho M) =(P®1L,) (i le;) (ej] ®exp(ajM)) (PTel,,) =

Jj=1 J

Letting M = Log(V'), it follows that exp(H ® Log(V)) = >_7_; |b;) (bj|®@ V. Then the following
equation holds.

U®V =exp(Log(U)®Log(V)/(im)) = exp (H ® Log(V)) = E": |b;) (bj| @V
j=1

In particular, letting U = Z = |0) (0] — [1) (1], we have Log(Z)/(iw) =0-]0) (0] +1-|1) (1], and
hence ZOV =(0)(0|@VO+ 1) (1|@ V! =[0) (0| @L, +|1) (1|® V. O

C.3 Proof of Corollary

Proof. Let U € Unitary(d,d) and define F(—) =U ®(—). Let {aj}?zl denote the eigenvalues
of Log(U)/(im) with orthonormal eigenbasis {b; }?:1. There are four properties to verify.

1. F(1,) =exp(Log(U)®Log(1,)/(ir)) = exp(Log(U) ® O,/ (im)) = exp(Qgy ) = Ly, for n € N.
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2. Let n € N and V € Mor(Unitary). Then the following equation holds
d

Uo(Vel,) Z|bj (bj| @ (V&I,)%

(by Cor. [3:2))

d

fZ|b] ) (bj| ® exp(a; Log(V ®1,,))
d

fZ|b] ) (bj| ® exp(a; Log(V) ®1,,)
d

—Z|b] ) (bj| ® exp(a; Log(V)) @1,

i (j
:

3. Let V € Unitary(n,n). Since 044 is a monoidal symmetry, then 0,44 is self-adjoint with
044 (Log(U)®@Log(U))-044=Log(U)®Log(U). Then the following equation holds where
H =Log(V).

Mg

1b;) (bj| ® exp(ay; Log(V))) ® 1,
1

M=~

‘bj><bj|®vaj) oI, =FV)®l, (by Cor. [3:2))
1

FFWV)=UoUaoV)
= exp(Log(U) ® Log(U) ® H/(i)?) (by Thm.
= exp((04,a- (Log(U) @ Log(V)) - 0a.a) @ H/(im)?)

=exp((04,4®1,) - (Log(U) ® Log(U) ® H/(im)?)- (04,a®1y))
= (94a® 1) -exp(Log(U) @ Log(U) ® H/(im)?) - (04,0 © L)

(04a®1, (by Eq. (2))
(04,4®L)- (U (UoV)) (04,4®1) (by Thm.
(04,a®@1y) - F(F(V))- (0aa®1n)
Then F(F(V)) =

(04a®
(004 1n)- F(F(V)) =

I,)-F(F(V)) - (04,a®I,). Since 044q®]1, is also self-adjoint, then
4. If V € Unitary(n,

F(F(V))-(0aa®1n).
n) and P € Unitary(n,n), then the following equation holds
(PToV o P) =exp(Log(U) ® Log(PT o Vo P)/(im))
— exp(Log(U) @ (Pt o Log(V') o P)(ir)) (by Eq. @)
= exp((I4® PT) o (Log(U) ® Log (V') /(im)) o (I4® P))

(Ig® PT) o exp(Log(U) ® Log(V)/(im)) o (Iy® P) (by Eq. @)
=(Ig® PN oF(V)o(I4® P)

Functoriality. Next, it must be shown that F(—) is an ordinary functor if and only if U is
Hermitian. As a preliminary result, a general equation will be computed for F(V o W)

. Let

19
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V,W € Unitary(n,n). Then by Theorem the following equations hold.

d
) (b| @V Z ) (bj| @ W

Htvjm

Since {b; }?:1 is orthonormal, then (b;|b) = 0; where 0 is the Kronecker delta function. Then
the following equation holds by the bilinearity of (®).

d d d
F(V)oF(W)=> Y 8;klb;) (be| @ (VY o W) Z ) (b @ (VY49 o W)
j=1k=1 j=1

Since V and W were arbitrary, then this equation holds in general. Now it can be shown that
F(—) is a functor if and only if U is Hermitian.

o Assume that F'(—) is a functor. Let j € {1,2,...,d}. Observe that the following equations
hold where M = |b;) ® L.

d
MTOF(—Z)OM = Z(Sj,kék,j(_z)ak == (—Z)aj
k=1

d
M'oF(~Iy) o F(Z)o M =Y 8;10y;(—I)** Z%% = (—=I3)* 0 Z
k=1

Since F'(—) is a functor, then the following equation holds.
(—2)% = MoF(~Z)oM = MoF(~Iy)o F(Z)o M = (—I5)% 0 Z% = ¢l 70

Since Log(—Z) =|0) (0| 7 and Log(Z) = i|1) (1| 7, then the following equation holds.

. . QT . . 0
(~2)% = expliogm|0) (0) = [57 9] 2% = expliayr 1) (1) = [ 0]
Then the following equation also holds.
= (11) = (1](=2)™ [1) = 97 (1] 2% [1) = &7 (97 (1[1) ) = 9™
Then a;(27) is a multiple of 27. Then «; is an integer. Then '* 7™ is either —1 or 1. Since
j was arbitrary, then all eigenvalues of U are either —1 or 1. Since U is unitary, then this

means U is also Hermitian.

tajmd
Jj=1

Let j € {1,2,...,d}. Since U is Hermitian and unitary, then ¢’®™ is either 1 or —1. Then

a;7 is a multiple of 7. Since o € (—1,1], then «; € {0,1}. Then either a; =0 and

V&oW =l =VoW)¥% oraj=1and VoW =VoW = (VoW)%. Since j was

arbitrary, then V4 oW = (Vo W)%. Then the following equation holds.

o Assume that U is Hermitian. Since U = exp(iH ), then the eigenvalues of U are {e

d
) (bj| @ (V¥ o W) Z ) (bj|@ (VoW)¥ = F(VoW)

F(V

HFng

Since V and W were arbitrary, then F'(—) preserves composition. It was already shown in
(C1) that F(—) preserves identities, so F'(—) is a functor.
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Then F(—) is a functor if and only if U is Hermitian.

Control Functoriality. By definition, (Unitary;)endo = Unitary,. Notice that for each
k € N, Ob(F)(d*) = dd* = d**'. Then there exists a functor C : Unitary, — Unitary, such
that C(V : k — k) = F(V) € Unitary(d**!,d**1) = Unitary (k4 1,k +1). It can then be shown
that C'(—) is a conjugated control functor.

o If V € Unitary,(k,k), then C(V®1)=F(V®l;)=F(V)2l;=C(V)®1 by (C2).

o Let V € Unitary,(k,k) and write n = d*. It follows from (C3) that (¢ ®1;) 0 C(C(V)) =
(04,4®L,) o F(F(V))=F(F(V))o(04a®1,) =C(C(V))o(c®1). Since V was arbitrary,
then C'(—) satisfies Fig.

o Let V € Unitary,(k,k) and j € {1,2,...,d}. Since 7 ; is self-adjoint, then it follows by
(C4) that C(yrjoV o) =(1®7,;)0C(V)o(1®;). Since V and j were arbitrary,
then C'(—) satisfies Fig.

This means that C'(—) is a control functor. Since every morphism in Unitary, is unitary, then
C(—) is a dagger control functor by Lemma Finally, if V, P € Unitary,(k,k), then by (C4),
C(PtoVoP)=F(PloVoP)=I3@PNoF(V)o(Ig®P)=(1®P)oC(V)o(1® P). Since V
and P were arbitrary, then C(—) is a conjugated control functor.

Pointed Control Functors. Assume that |u) € C? and |v) € C4. Since U is Hermitian, then C¢
can be partitioned into the (4+1) and (—1) eigenspaces of U, where a; =0 and «; = 1 respectively.
To this end, define the following two sets where [n] = {1,2,...,n}.

X ={bj:je[d and a; =0} Y ={bj:je[d and a; =1}
It follows that {b; : j € [d]} = X UY. This partitioning will be used to determine the conditions
under which |u) and |v) are points of C'(—).

o Assume that C(—) is (u,v)-pointed. It will be shown that U |u) = — |u). It then follows by
a symmetric argument that U |v) = |v). Construct a matrix M = Z?;(l] |d—7) (j|, so that
M is a permutation of the standard basis vectors within C?. Since M is a permutation
matrix, then M is unitary, and hence M € Unitary,(1,1). Since C'(—) is a (u,v)-pointed
control functor, then the following equation holds where v, = (x|u).

[u) @ M = C(M)o(ju) ©1q)
= Z 1b5) (bj|u) ® M (by Theorem [3.2))
j=1

=3 Wb @M+ 3, [bj) © M
bjEX b]'GY

= Z b, ‘bj>®]1d+ Z Vo, ‘bj>®M
bjEX b]'EY

Since ® is bilinear, then the following equation holds.

(W -, |bj>) QM = (Z Vo, !bj)) ®1y

bjEY bjEX
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Since {|¢) <k:|}§l:1’€:1 is a basis for Unitary,(1,1), then I; and M are not linear com-
binations of one-another. Then the left-hand side and right-hand side also not linear
combinations of one-another. Then by equating components, |u) = Db ey Wy |bj). Then
|u) is in the (—1)-eigenspace of U. In conclusion, U |u) = — |u).

Assume that U |u) = —|u) and U |v) = |v). Since U |u) = —|u), then by definition |u) is in
the (—1)-eigenspace of U. This means that |u) =37, ¢y 7;|b;) where v; = (bj[u). Recall
that (b;|br) = 0, where § is the Kronecker delta function. Let V' € Unitary,(k,k) and
n=dF. Then the following equation holds.

Il
M:

C(V)o(Ju)®T,) b;) (bjlu) @ VY (by Theorem

<.
Il
-

Il
M:

( Z Vi (bj|br) ) ®@V%  (by the bilinearity of (—|—))

Jj=1 breX
= Z Z Yaljk | @V
Jj=1 breX
=y Vi) |bj) @V (by the bilinearity of ®)
J=1breX
= Z iy V!
= Z v51bj) @V
b]'GX
= ( Z Vi |bj>) RV =|uyeV (by the bilinearity of ®)
bjEX

Since V' was arbitrary, then C(V)o (Ju)®1L,) = |u) ® V for all V € Unitary,(k,k) with
n = d*. By a symmetric argument, starting from the fact that |v) in the (+1)-eigenspace
of U, it follows that C'(V)o (Jv) ®1,) = |v) ®1, for all V € Unitary,(k,k) with n = d.
Then C(—) is (u,v)-pointed.

In conclusion, C'(—) is (u,v)-pointed if and only if U |u) = —|u) and U |v) = |v). O

C.4 Proof of Theorem [3.4]

Proof. Let a € R. First, it must be shown that U ®e?®™ = U for all U € Mor(Unitary) if and
only if a € (—1,1].

o Assume that a € (—1,1]. Then iarn € i(—m,7]. Then Log(e!®™) = iar since Log(—) is the

principle branch of log(—). Let U € Mor(Unitary). Then the following equation holds.
U ®e™ = exp (Log(U) @ (iar) /(in)) = exp(aLog(U)) = U

Since U was arbitrary, then U ©®e'*™ = U® for all U € Mor(Unitary).
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o Assume that o ¢ (—1,1]. Then there exists a unique k € Z\ {0} such that o —2k € (—1,1].
Then iarm — i2kw € i(—n, 7], which implies that Log(e’®™) = iam — i2kw. Since k # 0, then
let U = ZY1*1 5o that Log(U) = arra |1) (1|. Then the following equations hold.

0 =exp (o (iggzg 10 01) ) = (i 5y 1 1)
U®e™ =exp << k] 11 )<1|) (zom—i2k:7r)/(i77)> = exp (z(a’:lzf)ﬂ 1) <1]>

Since —1 < a— 2k <1, then 2k —1 < o < 2k + 1. The value of «/|4k| then depends on the
value of k. If k£ > 0, then the following equations hold.

(2k —1)/|4k| = 2k/|4k| — 1/|4k| = 1/2—1/|4k| > 1/2—1/4 > —1
(2k +1)/|4k| = 2k |4k| +1/|4k| = 1/2+1/|4k| < 1/2+1/4 < 1

This means that o/|4k| € (—1,1). If k <0, then the following equations hold.

(2k —1)/|4k| = 2k/|4k| — 1/|4k| = —1/2—1/|4k| > —1/2—1/4 > —1
(2k +1)/|4k| = 2k /|4k| +1/|4k| = —1/2+1/|4k| < —1/2+1/4 < 1

This means that «/|4k| € (—1,1). Then in either case, a/|4k| € (—1,1). It follows that
Log(U®) =g [1) (1] Since i(a— 2k)m € i(—m, 7], then z(a‘ilr)w €i(—m,m|. It follows that
Log(U @ ¢i™) = i @207 1) (1] Clearly Log(U®) # Log(U @ ¢°™). Then U® # U @ ¢’
Then there exists a U € Mor(Unitary) such that U ® e/ # U®.

It remains to be shown that if U € Mor(Unitary) is Hermitian, then U ® "™ = U®. Assume
that U € Mor(Unitary) with U Hermitian. Let {3;}7_; denote the eigenvalues of Log(U)/(im)

with orthonormal eigenbasis {b;}7_;. Then the followmg equation holds where z = e/T.

j=1

U®z=exp(Log(U)®Log(z)/(ir)) =exp (Z Log(z)B;1bj) ) ZeLog 28 1b,) (b

Let j € {1,2,...,n}. Then exp(if;m) is an eigenvalue of U. Since U is Hermitian, then ePim g
either —1 or 1. Then ;7 is a multiple of 7. Since ;7 € (—m,7], then f; is either 0 or 1. If
Bj = 0, then the following equation holds.

exp(Log(z)8;) = exp(0Log(2)) = exp(0) = exp(0(iaB;)) = exp(iaf;)
If 3; =1, then the following equation holds.
exp(Log(2)8;) = exp(1Log(2)) = exp(Log(2)) = exp(iar) = exp(1(iar)) = exp(iaf;m)

In either case, eX08(2)8i = ¢ia6;™ SQince j was arbitrary, then the following equation holds.

Jj=1

> Mo by (b =Y e b)) (bj| = exp (Z iafBm [bj) <bj|) = exp(aLog(U)) = U*
j=1 j=1

In conclusion, U ® '™ = U®. Since U was arbitrary, then U ®e'®™ = U® for each Hermitian
U € Mor(Unitary). Since o was arbitrary, then this completes the proof. ]
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C.5 Proof of Theorem [3.5

Proof. Let {b;}"_; denote the orthonormal eigenbasis associated with {\;}7_;. Then let o € R
and § € R. First, equations will be found for (U®)? and U®. Observe that the following
equation holds.

U® = exp(aLog(U)) = exp (aZiAjﬂbj (b; |) = exp (Zza)\ m|bj) > Zew”‘ ™ 1bj)

j=1 j=1

This can then be used to compute Log(U®) where (; = Log (eaAj).

Log(U®) = Log(zew““\w ) zLog(W)w (bil =3 ¢;1b5) (b
j=1 j=1

7j=1

This can then be used to compute (U*)?.

(U*)P = exp(BLog(U*)) = exp (an:@lbj ) (b \) = exp (Zﬁcj\b ) Ze% 1b;) (

j=1 j=1

Likewise, U’ = > =1 PN |b,) (bj|. Next an explicit equation will be calculated for each ¢j in
terms of o and A;j. Let j € {1,2,...,n}. Since (; = Log(exp(iaA;m)), then there exists a k € Z
such that ia\;jm = (;+ k(i27). Then the following sequence of statements hold.

¢ €i(—m,m] (since ¢; = Log(exp(a);)))
io\m € i(—m+k(2m), m+ k(27)] (since a)j = (j + k(i2m))
a)j/2e€(k—1/2,k+1/2]
aXj/2—1/2 € (k—1,k]

Since k—1 < (a\j —1)/2 <k, then [(aX; —1)/2] = k. Since j was arbitrary, then it follows that
a)j =+ [(a); —1)/2](i27) for each j € {1,2,...,n}. Next, it must be shown that (U)? = U*#
if and only if for each j € {1,2,...,n}, either a); € (—1,1] or § € Q with reduced denominator
dividing [(aX; —1)/2].

o Assume that U*® = (U*)8. Let j € {1,2,...,n}. Since {bj}?zl is an orthonormal basis, then
PS5 = PN by equating components in (U*)? = U*3. Then B¢; —iafBAjm is a multiple
of 127, Then there exists some m € Z such that m(i2r) = B(ialjm — ;) = Bk(i27) where
k= [(aXj—1)/2]. In other words, Sk € Z. If k =0, then clearly Sk € Z. This happens
precisely when (; = iajm, which implies that aA; € (—1,1]. Assume instead that &k # 0.
Then g € Q, otherwise Bk is irrational. Then there exists some d € Z and ¢ € N such that
ged(d,q) =1 and f=d/q. Then dk/q € Z. Then g divides dk. Since ged(q,d) = ¢, then
q divides k. This means that A; is (o, )-admissible. Since j was arbitrary, then A; is
(c, B)-admissible for each j € {1,2,...,n}.

o Assume that for each j € {1,2,...,n}, A; is (a,§)-admissible. Let j € {1,2,...,n}. There
are two cases to consider. If a\; € (—1,1], then (; = ia);m, and consequently [(; =
iafAjm =iafm+0(i27). Assume instead that 8 € Q with reduced denominator dividing
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k=[(aXj —1)/2]. Then there exists ¢ € Z and d € N such that § = ¢/d, gcd(q,d) =1 and d
divides k. It follows that 8(; = f(iaXjm+k) =iafBNjm+qk(i27)/d. Since d divides k, then
there exists a m € Z such that 5(; = iaf\;jm +m(i27). In either case, there exists an m € N
such that S¢; = iafAjm+m(i27). Then exp(B(;) = exp(iaSA;m). Since j was arbitrary,
then exp(8¢;) = exp(iafA;m) for each j € {1,2,...,n}. Then the following equation holds.

(U*)7 =% |b) (bl = Y "7 |bs) (bj| = U
j=1 i=1

Then (U*)? = U8 if and only if for each j € {1,2,...,n}, either a)j € (—1,1] or g € Q with
reduced denominator dividing [(a\; —1)/2]. It remains to be shown that Z and (—1,—1] are
maximal submonoids of R for which for which (U,«) — U® is a monoid action on Mor(Unitary).

e Let a €Z, B €Z, and U € Mor(Unitary). It must be shown that (U%)? = U*?. To this
end, let {);}7_; denote the eigenvalues of Log(U)/(im). Let j € {1,2,...,n}. Assume that
a)j & (—1,1]. Since 5 € Z, then its reduced denominator is 1. Then clearly the reduced
denominator of 8 divides [(a); —1)/2]. Then either a); € (—1,1] or f € Q with reduced
denominator dividing [(a\; —1)/2]. Since j was arbitrary, then (U®)? = U5, Since «, 3,
and U were arbitrary, then (U,a) — U® is a monoid action on Mor(Unitary) with respect
to Z. It remains to be shown that Z is maximal. Assume that M is a submonoid of R for
which (U,«) — U? is a monoid action on Mor(Unitary) and Z is a submonoid of M. Let
B € M. Then (Z2)? = Z?5 by definition of M. Since A = 1 is an eigenvalue of Log(Z)/(in)
and 2\ € (—1,1], then it follows by the first result of this proof that 5 € Q. Then there
exists some ¢ € Z and d € N such that 8 = ¢/d and ged(q,d) = 1. Since 2d+3 € Z C M, then
(Z224+3)8 = 7B(d+3) by definition of M. Since A =1 is an eigenvalue of Log(Z)/(im) and
(2d+3) & (—1,1], then by the first result of this proof d divides [((2d+3)—1)/2] =d+1.
This is only possible when d =1. Then 8 = q/d = q € Z. Since [ was arbitrary, then
M C Z. In conclusion, Z is maximal.

o Let a€(—1,1], B€(—1,1], and U € Mor(Unitary). It must be shown that (U*)?% = U5,
To this end, let {\;}7_; denote the eigenvalues of Log(U)/(im). Since a € (—1,1] and
i\jm € (—m, 7] for each j € {1,2,...,n}, then a\; € (—1,1] for each j € {1,2,...,n}. Then
by the first result of this proof, (U"‘)ﬂ = U*P regardless of the value of 8. It remains to be
shown that (—1,1] is maximal. Assume that M is a submonoid of R for which (U,«a) — U®
is a monoid action on Mor(Unitary) and (—1,1] is a submonoid of M. Let o € R. There
are three cases to consider.

1. If « € (—1,1], then o € M by definition.

2. If o= —1, then (Z)'/2 = (Z W2 =2722=8+8t =212 =792 Since 1/2€ M,
then o € M, since M acts on Mor(Unitary) by exponentiation.

3. Assume that a ¢ [-1,1]. Then a? > 1 and there exists some m € N such that a?™ > 2.
Let & = a?™. Then (&—1)/2>1/2. Then [(4/2] > 1. Let k= [(4—1)/2] and
B =1/(k+1). Since A =1 is an eigenvalue of Log(Z)/(ir) and &\ = & ¢ (—1,1], then
it follows from the first result of this proof that (U&)? = U%? if and only if k+ 1
divides k. Since k # 0 and k+1 > k, then clearly k+ 1 does not divide k. This means
that (U%)? #£ U, Since M acts on Mor(Unitary) by exponentiation and 3 € M,
then & € M. Then o & M, since otherwise & = o™ € M.
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This means that if « € M, then o € (—1,1]. In other words, M NR = (—1,1]. However, M
was a submonoid of R, so M = (—1,1]. In conclusion, (—1,1] is maximal.
Then Z and (—1,1] are maximal submonoids of R for which for which (U,«) +— U® is a monoid
action on Mor(Unitary). O

D Proofs for Section 4

This section contains all proofs for Section [4] except for those which appear in Section

D.1 Proof of Lemma [4.1]

Proof. First, it must be shown that Yuqc =2y %;,- This will require showing that if j # k,
then ¥ is disjoint from ¥}. To this end, let j € N and k € N such that j # k. Assume, without
loss of generality, that j < k. There are two cases to consider.

1. If j =0, then X% = E]ﬁQc C Zjﬁqc-
L If >0, then 5 = Y166 \ Shige € Shqe-

In either case, X7 C EHQC Since j < k—1, then by the inductive construction ¥} C EHQC

Since ¥} = EHQC\EHQO then X3 NX}; = @. Since j and k were arbitrary, then X7 and Y are
disjoint for each j € N and k£ € N. Then LIho X CUnso YHqc = XHuqe- Then 1et g € ¥HQC-
Then there exists some least n € N such that g € X¥jqc. There are two cases to consider.

1. If n =0, then g € ¥fqc = Xy

2. If n.>0, then g & Xfjgc- Then g € Sfqc \ Shige = Zh-
In either case, g € 3. Since g was arbitrary, then Ypqc = L~ 2;,- Then for each g € ¥uqc,
there exists a unique v(g) € N such that g € (g This defines an assignment v : ¥aqc — N.
This define a prop signature morphism p : ¥aqc — U(C) such that p(g) = 7,(4)(g9). This is
well-defined since g € Z;(g) and T, : El*,(g) — U(C). Then there exists a unique prop functor
F :HQC — C such that F(g) = p(g) for each g € ¥pqc. Moreover, if n € N and g € X7, then
v(g) = n and consequently F(g) = p(g) = 7,(4)(9) = Tu(g). It remains to be shown that F' is
unique. Assume that G : HQC — C is a prop functor such that G(g) = 7,,(g) for each n € N and
g€ X, Let g €Xnqc. Then g€ X} . Then G(9) = Ty(g)(9) = F(g). Since g was arbitrary,
then Goi = Fo14. Then by the universal property of free prop categories, G = F. Since G was
arbitrary, then F' is unique. O

D.2 Proof of Lemma [4.2]

Proof. Clearly Ypyrim, Lctrl, and Ypow are pairwise disjoint. This is because (®) and (1) are
distinct term constructors and Yppim consists only of base terms. This means that the set
Yprim U Xctrl U Xpow is well-defined. Moreover, Yprim, 2ctrl, and Ypow are all subsets of
YHQc by construction. Then it suffices to show that ¥pgqc is a subset of Xprim U ctri L Epow-

Let g € ¥uqc. Then there exists some least n € N such that g € ¥fqc. If n =0, then it follows
that g € ZHQC = Yprim- Otherwise, n> 0 and g € Xfjq¢ \ ZHQC By definition, the following
equation holds.

fac\Hiae = (Shge U Tower(HQC[n — 1]) U Power(HQC[n — 1)) \ Siige
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C Tower(HQC[n — 1]) U Power(HQC|[n — 1])

Then either g € Tower(HQC[n —1]) or g € Power(HQC[n —1]). There are three cases to consider.
1. Assume that g € Tower(HQC[n —1]) and |g| =2 Then g; € Mor(HQC[n—1]) CHQC and
g2 € Mor(HQC|[n — 1]) CHQC. Moreover, g = g1 ® g2. In conclusion, g € Yty

2. Assume that g € Tower(HQCI[n —1]) and |g| > 2 Then g1 € Mor(HQC|[n —1]) C HQC.
Define V=g2©g3®---© g where k= |g|. Then the following sequence of inclusions holds.

V € Tower(HQC[n —1]) C Sfiqc € HQCn] CHQC

Moreover, g = g1 ® V. In conclusion, g € Xctr1-
3. Assume that g € Power(HQC|[n —1]). Then there exists a U € HQC[n — 1] and « € R such
that g = UTa. Since HQC[n — 1] CHQC, then g € Ypow.
In either case, g € Yctr1 U Xpow- Then g € Yprim UXctrl L Xpow regardless of the value of n.
Since g was arbitrary, then YpqQc C Xprim U X ctrl U Xpow. This completes the proof. ]

D.3 Proof of Therem [4.3]
Proof. Clearly [—]got and fo[—]g are both contravariant prop functors from HQC to a
subcategory of HQC. Then [—]gof=1{o[—]g if and only if [-]ofoi=1to[—]goi. In other
words, [UT]y = [[U]]L for all U € Mor(HQC) if and only if [¢]x = [[g]]}l for all g € ¥pqc. Let
g € ¥uqc- There are three cases to consider.
1. Assume g € Yppim. By definition, gf = ¢ and [¢]z is Hermitian and unitary. Since [¢]z
is both Hermitian and unitary, then [¢]z = ﬂg]]L In conclusion, [¢]x = [¢]z = [[g]]TH

2. Assume g € Yctp1 with dom(g) =n. Then by definition, [¢]g = [¢1(~1)]g = [[g]];f. Then
the following equation holds.

[91 09" = 9l i[9 &
= exp(Log[g] n) -exp(Log[g]n(—1))
— exp(Log[g] i + Log[g]z(—1)) (by Eq. (1))
= exp(O2n) = Ian

In other words, [¢']x is the inverse to [¢]g. Since [g]x is unitary, then [¢']y = [[g]]}l

3. Assume g € Ypow. Then there exists a U € Mor(HQC) and an a € R such that g =U Ta.
Then g" = U1 (—a). Then by definition, [¢]x = [U]% and [¢'] = [U]z*. Then the following
equation holds.

[91al9" e = [UIHUD "
= exp(Log[g] z ) - exp(Log[g] u (—a))

= exp(Log[g]wa+Logg]n(—a)) (by Eq. (1)
= exp(Ogn) = Ian

In other words, [¢'] is the inverse to [¢]g. Since [¢]g is unitary, then [¢'] g = [[g]]}l

In each case, [¢']x = [[g]]L Since g was arbitrary, then [¢]z = [[g]]L for all g € ¥aqc. In
conclusion, [U'] g = [[U]]TH for all U € Mor(HQC). O
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E Lambda Generators for Diagonal Circuits

This section shows how to construct the A(z,«) circuits as described in Section . It is also
shown that these circuits belong to the sub-language Core as defined in in Section [} Up to a
change of basis, every A(x,a) generator can be thought of as an n-fold controlled global phase
by an angle of amr. The aforementioned change of basis should apply X-gates to the qubits, so
that the state |x) := ;L;& |z7) is sent to the state |One(n)) :== @’_; [1).

E.1 Constructing the Change of Basis

1-x

Let z € {0,1}". Then define Nots(z) = ?:_01 (—@;7 ) Note that in Nots(z), each X-gate has

been exponentiated by either 0 or 1. This ensures that Nots(x) € Core(n,n). It follows that

[Nots(z)]m = ®?;01 X1=%i To see how this operation acts on |x), there are two cases to consider.

o If 2; =0, then X% |z;) = X1|0) = |1).

o Ifz;=1, then X'7% |z;) = XO|1) = |1).
In either case, X% |z;) = |1). This means that [Nots(z)]x |z) = ®§-L;&X1_IJ |z;) = |One(n)),
as desired. Since [Nots(z)]z is unitary, then [Nots(x)]z [10) = |One(n)) if and only if |¢) = |x).
Moreover, [Nots(x)]x is self-inverse.

E.2 Constructing the Controlled Phases

Let n € N and a € R. Then the n-fold controlled phase gate can be defined inductively as follows.

CPh(a,0) = /7 CPh(ak+1) = T

Since CPh(«,0) is a generator for Core which is closed under the application of Z-controls, then
CPh(a,n) € Core(n,n) for each n € N. It follows by induction that the following equation holds.

e*ly) if [y) =|One(n))
ly) otherwise

[CPh(a,n)]w |y) = { 3)

The proof proceeds as follows.

« Base Case. Since |One(0)) is the only basis vector for C* and CPh(a,0) = €', then Eq.
holds when n = 0.

e Inductive Hypothesis. The equation Eq. holds for some k € N.

e Inductive Step. Assume that the inductive hypothesis holds for some k € N. This means
that Eq. holds for k. To show that Eq. holds for k+1, let 2 € {0,1}**+1. Then there
exists some a € {0,1} and y € {0,1}* such that z = ay. This means that |z) = |a) @ |y).
Now recall from Theorem 3.2 that [CPh(a, k4 1)]x = |0) (0] @ Iox +|1) (1| ® [CPh(c, k)] -
There are three cases to consider.

1. Assume that a =0. Then [CPh(o,k+1)]x|z) = |a) ® |y) = |z), since (0la) =1 and
(1la) = 0. Then |z) # |One(k+1)) and [CPh(a,k+1)]|z) = |z).
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2. Assume a =1 and |y) # |One(k)). Then [CPh(a,k+1)]g|z) = |a) @ [CPh(e, k)] |y),
since (0la) =1 and (1|a) = 0. Since Eq. holds for k and |y) # |One(k)), then
[CPh(a, k)] |y) = |y). It follows that [CPh(a,k+1)]|z) = |a) ®|y) = |x). In conclusion,
|z) # |One(k+1)) and [CPh(a,k+1)]|z) = |z).

3. Assume a =1 and |y) = |One(k)). Then [CPh(a,k+1)]g|z) = |a) @ [CPh(e, k)] |y),
since (Ola) =1 and (1|a) = 0. Since Eq. holds for k£ and |y) = |One(k)), then
[CPh(c, k)] |y) = e |y). It follows that [CPh(a,k+1)] |z) = |a) ® ¥ |y) = '*|z). In
conclusion, |z) # |One(k+1)) and [CPh(a,k+1)]|z) = ' |x).

Then Eq. holds for £+ 1 by case distinction.
Then by the principle of induction, Eq. holds for each n € N.

E.3 Constructing the Lambda Generators

Let z € {0,1}* and « € (—m,7]. Since z € {0,1}*, then x is a possibly empty word over the
alphabet {0,1}. The (z,a)-lambda generator is the circuit A(z,a) = Nots(x) o CPh(a,n)oNots(z)
where n = |z|. Since Nots(z) € Core(n,n) and CPh(«,n) € Core(n,n), then A(z,«) € Core(n,n)
as well. It must be shown that A(z,«) has the intended semantics. Clearly {|y):y € {0,1}"} is
a basis for C*". Let y € {0,1}". There are two cases to consider.

1. Assume that |y) = |z). Then the following equation holds.

Az, a)]m ly) = [Nots(z)] & o [CPh(a, )] o [Nots(z)] x [y)
= [Nots(z)] iz o [CPh(a,n)] g |One(n))
= ¢"“"[Nots(z)] 7 |One(n)) = ' |z)

Then |y) is an eigenvector of [A(z,a)]y with eigenvalue e'®.

2. Assume that |y) = |z). Then there exists some z € {0,1}" such that |z) = [Nots(z)]x |y)
with z # x. Then the following equation holds.

[Mz,a)]u |y) = [Nots(z)] m o [CPh(a, n)] i o [Nots(z)] u |y)
= [Nots(x)] i o [CPh(c,n)] i |2)
= [Nots(z)] |2) = [y)

Then |y) is an eigenvector of [A(z,«)]y with eigenvalue 1.

Then [A(x,a)] g has eigenvalue e’® with eigenspace span{|z)} and eigenvalue 1 with eigenspace
span{|y) :y € {0,1}"\{z}}. Since a € (—m, 7], then Log[\(z, )] g =i |z) (x| =i ?:_01 |z;) (x;].
In other words, [A(z,a)] g = exp(iH) where H = a®§-‘:_01 |z;) (x;].

Theorem E.1. If x € {0,1}" and a € R, then A\(z,a) € Core(n,n) and [A(z,a)]y = exp(iH)
where H = a®?;& |zj) (x;]. If @ € (—m, 7], then Log[A(z, o) g = iH as well.

Corollary E.2. Let n € N with a bijection f:{1,2,...,2"} —{0,1}". If M € Unitary(2",2")
is a diagonal matriz, then there exists a unique function o :{1,2,...,2"} — (—m, 7| such that
M = [Clu where C = A(f(1),a(1)) o A(f(2),(2)) o+ -0 A(f(2"),a(2")).
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Proof. Since M is a diagonal matrix, then M has eigenbasis {|y) : y € {0,1}"}. For each j €N, let
|b;) denote |f(j)) and f; denote the eigenvalue associated to |b;). Then define a(j) = Log(p;) /1.
It remains to be shown that [C]y = M. By Theorem Log[A(f(4),a(3))]a = ia(4) |bj) (by]
for each j € {1,2,...,2"}. Then it suffices to show that each Log[\(f(j),a(j))]x commutes with
each Log[A(f(k),a(k))] . To this end, let j € {1,2,...,2"} and k € {1,2,...,2"} such that j # k.
Since f is a bijection, then f(j) # f(k). Then (b;|by) = 6; 1, =0 = 0y ;j = (bi|bj) where ¢ is the
Kronecker delta function. Then the following equation holds.

Log[A(f(4), (4))] a1 Log[A(f (k) (k)] 5 = Ozn = Log[A(f (k), (k)] Log[A(f (4), (5)) ] e

Since j and k were arbitrary, then Log[A(f(j),a(j))]n commutes Log[A(f(k),a(k))] g for each
je{1,2,...,2"} and k € {1,2,...,2"}. Then the following equation holds.

2m 2n
[Clar = TTIMS (), a(i)la = [ explia) [b) (b))
i=1 j=1
.
— exp (me ;) <bj|) (by Eq. (D)
j=1
.
= > exp(ia(4))[bs) (bj
j=1

= Zexp(iLOg(ﬂj)/i) ’bj> (bj‘

j=1

-
=SB G =M
j=1

It remains to be shown that « is unique. Assume that there exists some v:{1,2,...,2"} — (—m,7|
such that M = [D]g where D = A(f(1),7(1)) o A(f(2),7(2)) o--- o A(f(2™),7(2")). It suffices to
show that « and ~ agree pointwise. Let j € {1,2,...,2"}. Then the following equation holds.

2n 2”L
€0 = 37 054815 = (bl [Clur b5) = (051 [DL b) = Y- 7084815 = 70
k=1 k=1

Since a(j) € (—m,n| and B(j) € (—m, 7], then the following equation holds.

a(j) = ia(j)/i = Log(exp(ia(j))) /i = Log(exp(iv(4))) /i = iv(4) /i = v ()

Since j was arbitrary, then ae =+. Since v was arbitrary, then « is unique. O

F Proofs for Section 4]

This section contains all proofs for Section (1]
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F.1 Proof of Theorem [4.4]

Proof. First it must be shown that each relation in Ey is sound. Let (X,Y) € Ey. Start by
noting the following.

[ ] =etoe@ = {1 . } =Z(am) [—g [ =e"r = %[Hew 1_6?‘”} = X (ar)

0 eiam 1—etom 14etam

There are several cases to consider.
o Assume that (X,Y) is E(1). Then the following equation holds.

[X)a = | |, = 2501 4
Y (/4) Y(—n/4)
= L[ [b O] S [ ]  ATs [  [L S] s[H
“’_’\"_“T“’_"“’_’
X(=n/2) Z(r/4)  X(7/2) X(=m/2) Z(-m/4)  X(7/2)
= [[ @1/2 ~1/1 él/Q @1/2 1/4 él/z HH: [[Y]]H

o Assume that (X,Y) is E(2). Then the following equation holds.
[XIn = [ 1, = (951 = H [ LI Q150 L) =] ], =1la
o Assume that (X,Y) is E(3). Then the following equation holds.
[X1g =[-1p =%t =00 A0 = [-e~o- ]y =[V]n
o Assume that (X,Y’) is E(4). Then the following equation holds.
XIn =[-o- 1= '] = [0 2008108 ) = [ o1y = VI

o Assume that (X,Y) is E(5). Then the following equation holds.

rtooo

S e il

H LO0OO1
rtrooojlri1000 1000
— 0100:||:0001:||:0100:|
0001|](0010[|0001
LO0O10JLO100JLOOT1O

=[ZoX|g[X O Z)u]Z o X]u
= Va D :HY]]H
H

o Assume that (X,Y) is an instance of the relation E(6). Then let 61,02 € R and de-
fine (pom,p17,pom, p3m) = Euler(fym,02m) as in an arbitrary instance of E(6). Then by
the soundness of Q(5), the equation HZ(6017)HZ(0em)H = e!™ Z (¢ 7)H Z (pom) H Z (p37)
holds. As explained in [4], X () = HZ(a)H for o € R. Then the following equation holds.

[X]m = [[ }]H = HZ(0ym) X (017)
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= HZ(GQTI‘)HZ(@NT)H
= &7 7(pym)H Z (o) H Z(p37)
= "7 Z($1m) X (o) Z(h3m)

ﬁ e N —[¥Y]u
H

o Assume that (X,Y) is E(7). Then the following equation holds.

[X]z =[] =exp(2Log[+ | i) = exp(2Log(—1)) = exp(2(im)) =11 = [1o]z = [Y]u

o Assume that (X,Y) is an instance of E(8). Then the following holds by Corollary [3.3]

[[X]]H=|’:; ﬂ =ﬂUﬂH@ﬂlmﬂHﬂQnm:bnmgm:|”’f7ﬂ _[Y]u
., e

o Assume that (X,Y) is an instance of E(9). Since Z is unitary with eigenvalues {—1,1},
then Z is Hermitian. Then the following equation holds.

[[XHH=|, . =Z0[VoUln

.
=ZO([VIuolUln)
=(Zo[V]g)o(Zo[UDu (by Cor. Corollary [3.3))

:|’"vsU ]] =[¥lu
H

o Assume that (X,Y) is an instance of E(10). Since [—] g : HQC — Unitary is symmetric
monoidal, then HTK H is the monoidal symmetry ogn om : C2" @C2" ~(C2" @C2". Then
H

ogn om is the self-adjoint unitary operator whose action is ogn om - (N Q@ M) -0gn om = M@ N
for all M € Unitary(2",2") and N € Unitary(2™,2™). Then the following equation holds.

[X] = |l T ]] — exp(Log[U] ® LogV /(i)
H
= exp(ozn om - (Log[V] g ® Log[U] /(i) - ogn 2m)
= ogn 9m -exp(Log[V] g ® Log[U] i/ (im)) - ogn om (by Eqa. (2))

B e _
e

o Assume that (X,Y) is an instance of E(11). Then the following holds by Theorem

[[X]]H=wf]] —zole]=z20d"=2°= o ],=[V]x

H
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o Assume that (X,Y") is an instance of E(12). Then the following equation holds.

[X] s = |l f ]];[[VHH@[[P%UoPﬂ

=[VIu © ([P uo[Uluo[Plu)

= [VIz o ([P]}; o [Ulwm o [Pla) (by Thm. [£3)
= (I» 9 [P)}) (VIO [UD)(I2» @ [Plir)  (by Cor. B3)
= (Ip» ® [PT]&)([V] @ [U])(Igm @ [P])  (by Thm. [3)

i v
= . ] :[[Y]]H
B

o Assume that (X,Y) is an instance of E(13). First, note that for each M € Unitary(2",2"),
the matrix M ® |0) (0] commutes with the matrix M ®|1) (1] since (0]1) =0 = (1]|0). Then
the following equation holds where A =Log(—Z2) =14|0) (0|7 and B = Log(Z) =i|1) (1|x.

[X]s = |l Rk ]] — exp(Log[Uln & A/ (im)) exp(Log[Un © B/ (im))

H
= exp(Log[U] i ©|0) (0]) exp(Log[U]n @ (1) (1])  (by Eq. (1))
= exp ((Log[U]m ®10) (0]) + (Log[U]m 1) (1]))
(Log[U]m ®(]0) (0] +[1) (1]))
= exp(Log[U] g ®12)
= exp(Log[U] i) ® Iy
= [[U]]H@J]Iz

:[m .
H

o Assume that (X,Y) is an instance of E(14). As in Section , let |z) = ?:_01 |zj). More-
over, let A be the prefix of a diagonal form for which the term A(z,p) does not ap-
pear. This means that the eigenvalue of |x) € [A]g is 1, and consequently [A]x has

the form [A]g = expgyelgiey ly) <y|) where B = {0,1}"\ {z} and 6, € (—m,n| for each
y € B (see Corollary [E.2)). Since z ¢ B, then for each y € B, (z|y) =0 = (y|z) and conse-
quently the matrix |z) (x| commutes with |y) (y|. Then the following equation holds for
M = Log[[') 1/ (ir).

R b )

= exp (Log[AoA(z,p)]| g @ M)
= exp (Log ([A]u[M(z, p)] #r) © M)

= exp (Log (eXp (Zi% y) <y|) exp(ip|z) <fv|)) ®M) (by Thm.

yeB

=exp
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=exp | Log (exp (Z (by |y) (yl) +iplx) <1‘\)) ®M> (by Eq. (1)

yeB

— exp | Log (Z (¢ Iy) {ul) + o) <a:\) ®M>

yeB

= oxp (Z (Loa () ly) (w1) + Lo (¢) |2) <x|) ®M)

yeB

=exp ((Zi9y|y> <y|> +ip|x) <w|) ®M)
yeB

= exp ((Log[A] 1 + Log[A(x, o)1) @ M)
— exp ((Log[A]r ® M) + (Log[A(z, )] © M)
— exp (Log[Aln © M) exp (Log[A(z, )] © M) (by Ea. (@)

30)
= * =[Y]u
|l m ‘M -

o Assume that (X,Y) is an instance of E(15). Then let p € (—m, 7] and 7 € (—n, 7] as in an
arbitrary instance of E(15). Then the following equation holds.

Az, p)

= Aw)

[X]m = |’ N = exp(Log[A(z, p)]# ® Log[A(y,v)]u/ (i)

= exp ((ip|z) (z]) @ (i |y) (y])/ (i7)) (by Thm.
= exp ( (7 |ey) (y]) /(i)
= exp(i(py/m) [zy) (zy])

il L
= |l o A 7/7) H =[Y]n

il -
H

o Assume that (X,Y) is an instance of E(16). Then the following equation holds.
[XIn = | AT |, = p(0Log[UTx) = exp(Q) = I = [~ 1y = [¥ ]
o Assume that (X,Y) is an instance of E(17). Then the following equation holds.
[XTn = [~ | = exp(1LoglUTa) = exp(LoglUT) = U = [ A7} | = V1u
o Assume that (X,Y) is an instance of E(18). Then the following equation holds.

[X]a = [ @ || = exp(BLog[Un)exp(aLog[U]a)
eXp((a+ﬁ)L0g[[U]]H) (by Eq. (1))
[, -
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o Assume that (X,Y) is an instance of E(19). Then the following equation holds.
(X = | A || = exp(aLog(lzn)) = exp(aO2n) = exp(Qpn) = I = [~ 1y = [V]u
o Assume that (X,Y) is an instance of E(20). Then the following equation holds.

(X = | AT} |, = [Pl exp(Log[U]na) [Pl

= [[P]]L exp(Log[U]ma)[P]u (by Thm.
= exp ([Pl Log[U]u[P]uc) (by Eqa. (2))

= exp (Log ([PI}[U1ulPlu)a)  (by Ea. @)
=[G |, =11

o Assume that (X,Y) is an instance of E(21). As in Section , let |z) = ;‘;& |zj). More-
over, let A be the prefix of a diagonal form for which the term A(z,p) does not ap-
pear. This means that the eigenvalue of |z) € [A]x is 1, and consequently [A]y has the

form [A]g = exp (2,epiby |y) <y|) where B={0,1}"\ {«} and 6, € (—m, 7| for each y € B
(see Corollary [E.2)). Since x & B, then for each y € B, (z|y) =0 = (y|z) and consequently
the matrix |z) (x| commutes with |y) (y|. Then the following equation holds.

[X1n = | Afowap ||
Log[AoA(z,p)] nev)
Log ([A]a[Mz, p)] ) @)

= exp

—~~

= exp
yeB

=exp | Log | exp (Ziﬁy ly) <y|> exp(ip|z) <m|)> a) (by Thm.

yeB

=exp | Log | exp (Z (i0y [y) (y|) +ip|x) <$|)) a) (by Eq. (1)

= exp | Log Z(eiey!y><y!)+eip\fv><x\) a)

yeB

= oxp (z (Loa () ly) (w1) + Lo (¢) |2) <x|) a)

yeB

= exp Z(iﬁya\yﬂy\)ﬂamwﬂx!)

yeB

=exp | Y _ibyaly) (y) exp (iap|z) (] ) (by Eq. (1)

yeB
= exp (Log[A]ga) - [A(z,ap)]

z[{ “I(.ap) HAJ ]]H:[[Y]]H
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Since (X,Y) was arbitrary, then [—] g is sound with respect to Ep. It then follows by induction
on E, that E is sound with respect to [—] .

« Base Case. It follows by the proceeding analysis that Ej is sound with respect to [—] .

o Inductive Hypothesis. For some n € N, E,, is sound with respect to [—]x.

o Inductive Step. Assume that for some n € N, that E,, is sound with respect to [—]x.
Then let (X,Y) € E,,11. There are three cases to consider.

1. Assume that (X,Y) € E,. Then [X] g =[Y]# by the inductive hypothesis.

2. Assume that there exists some U € Mor(Core) and V ~g, W such that X =U oV
and Y =U ©W. Then by the inductive hypothesis, [V]g = [W]x. It follows that
[X1a = exp(Log[U]w @ [V]u/(im)) = exp(Log[U] g @ [W]k/(im)) = [Y]n-

3. Assume that there exists some exponent « € R and V ~p, W such that X =V T«
and Y = Wta. Then by the inductive hypothesis, [V]g = [W]g. It follows that

[X]# = exp(aLog[U] i) = exp(aLog[W]u) = [Y]a.

In each case, [X] g = [Y]#. Since (X,Y) was arbitrary, then E,; is sound with respect
to [—] g. Then the inductive step holds.

Then by the principle of inductive, E,, is sound with respect to [—]z for each n € N. Assume
that (X,Y) € E. Then there exists some n € N such that (X,Y) € E,,. Then [X]g = [Y]#.
Since (X,Y’) was arbitrary, then F is sound with respect to [—] . O

F.2 Proof of Theorem [4.5

Proof. First, it must be shown that F(f)o f~g 1, and foF(f)~g 1,, for each f € P(X)(n,m).
This follows by structural induction on the morphisms in P(3).

o Identity. Assume that f=1,. Since F' is a prop functor, then F(f) = F(1,) = 1,.
Then F(f)of=1,01,=1, and foF(f)=1,01, =1,. Since ~p is reflexive, then
F(f)of g1, and foF(f) =g 1,.

e Symmetries. Assume that f =o¢. Since F is a strict symmetric monoidal functor, then
F(o) = 0. By definition, F(f)of =000 =15 and foF(f) =000 =1y. Since ~p is
reflexive, then F(f)o f ~p 1y and fo F(f) =g 1,.

o Generators. Assume that f = x for some x € ¥. Then n = dom(z) and m = cod(z).
Moreover, F(f)of=F(z)ox~g 1, and foF(f)=z0oF(x)~p 1.

e Sequential Composition. Assume that f =boa for a:n — s and b: s —m. Then by
the inductive hypothesis, the following equations hold.

F(a)oa=pg1, aoF(a)~p 1, F(b)ob=xpg1, boF(b) ~p 1,
Since F' is a contravariant functor, then the following equation holds.

F(f)of=(F(a)oF(b))o(boa)~g F(a)olzoa=F(a)oarg 1,
FoF(f) = (boa)o (F(a)o F(b)) ~ bolyo F(5) = bo F(b) ~p 1,

Then F(f)o f~g 1, and foF(f)~pg 1,, by the transitivity of ~p.
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« Parallel Composition. Assume that f =aXbfora:s—tand b:z—y. Clearly n=s+z
and m =t+y. Then by the inductive hypothesis, the following equations hold.

F(a)oarpg 1, aoF(a)~p 1, F(b)ob=pg1, boF(b) ~g 1,
Since F' is a strict monoidal functor, then the following equation holds.

F(f)o f = (F(a)BF(5)) o (aBb) = (F(a) oa) B(F(b)ob) mp LB (F(B)ob) mp 1, KL,
FoF(f) = (alb)o (F(a)REF(b)) = (a0 F(a))®(bo F(b) ~p 1, K (bo F(b)) ~p 1, K1,

Then F(f)o f~p1;K1, =1, and foF(f)~g 1;X1, =1,, by the transitivity of ~g.

Then by the principle of structural induction, F(f)o f ~g 1, and fo F(f) ~g 1,, for each
f € P(X)(n,m). Next, let (f,g) € E where f:n—m. Then f~pgg, F(f)of=g]l,, and
goF(g) =g 1,, by the previous result. Then the following equation holds.

F(f)=F(f)olmm~p F(f)ogoF(g) =g F(f)o foF(g9) =k 1n0F(g) = F(g)

Then F(f) ~p F(g) by the transitivity of (=g). Then 73 (F(f)) =7 (F(g)). Then by the uni-
versal property of prop quotients, there exists a unique prop functor H : P(X)/E — (P(X)/E)°P
such that Homp = mp o F. It remains to be shown that H is a dagger functor. To this
end, let f € P(X)(n,m). Then foF(f)~g l,,. Likewise, F(f)o F°P(F(f)) ~ 1,. This means
that f= fol, ~g foF(f)oFP(F(f)) =g 1lymo FP(F(f))F(F°P(f)). Then it follows that
me(f) = 7p(FP(F(f))) = HP (@ (F(f))) = H®(H(rg(f))). Since f was an arbitrary, then
g =HoHomg. Then by uniqueness, H°?o H = 1p(s)/p. Then H is a dagger functor. Finally,
let f:n—n. Then F(f)of~pg1l, and foF(f)~pg 1,,. This means that H(ng(f))omp(f)=1,
and 7 (f)o H(mg(f)) =1,. Since f was arbitrary and 7 is surjective, then H(f)o f =1, and
foH(f)=1,, for each f € P(X)/E. In other words, every morphism in P(X)/E is unitary. [

F.3 Proof of Theorem

Proof. First it must be shown that ¢fog~p Ldom(g) and gogh ~g Leod(g) for each g € Ypqe.

Let g € ¥1qc. There are three cases to consider.

9)

1. Assume that g € Ypyim. Then g’ = g and n = dom(g) = cod(g). Then it suffices to show
that gog ~g 1,,. There are six cases to consider.

(a) Assume that g = —— . Then the following equation holds.

——e—

E(17) _ 1, E(17) _ 1 (18) E(ll)

Then go g ~g 1, by transitivity.
(b) Assume that g =« . Then the following equation holds.

Then gog~p 1, by transitivity.
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(c) Assume that g = . Then the following equation holds.

E(1)
~ el el el gl

E(1
(%) a2 s g e s ZVe Y <y Ze o L S
A\ A\ A\ A\ A\ A\ A\ A

Lem (4.6)

~ AR s S p oy iy Slp o s 1y Sl

U U U U U A

Lem(|4.6)

~ AR iy Zlp o 1R Sdp sy 1)

U U U A U A

Lem(|4.6)

~ a2 St Sl o2 s U

A\ A\ A\ A\
(a)
~ R NI N
U U U A

Lem(|4.6)

% $1/2 s Vs él/?
Lem (|4.6))

% o S

——&—

Lem ({4.6)

~
~ —

Then go g ~pg 1, by transitivity.
(d) Assume that g = -¢— . Then the following equation holds.

—
¢}

)

Q

E(2) E(2) (a) (c)
w0 ~ {Hfito- ~ {H{@DE-{a ~ He{i ~ G © —
(e) Assume that g = —— . Then the following equation holds.

E(3) E(3)
o RN e o N DD DB N B N OO N —

—
[N
=
—
&
N
—~
Q.
=

Then go g ~g 1, by transitivity.
(f) Assume that g = -o— . Then the following equation holds.

E(4) E(4)
o6 N o N —Oe0

—~

a

Nasg
—~
[=}
Nawg
—
o
Nasg

%
%
%

DD
U\

In each case gog~p 1,. Then glog~p Ldom(g) and gogl ~p Leod(g)-

2. Assume g € Xcgp1. Then there exists U € Mor(HQC) and V € Mor(HQC) such that
g=UQ@®V. Then the following equations hold.
-1 U2 Lem(@.6) . —
gL * e

"
[EH=
&

'S
[EH=

gTog_ n =1 EQ]) n E 1 T = Lem o
m V V | 1 V V | 7&
L

Then gfog ~g Lgom(g) and gogl ~p Leod(g) by transitivity.
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3. Assume g € Xpow. Then there exists U € Mor(HQC) and « € R such that g =UtTa. It
follows that gf = U1 (—a). Then gfog~pg Liom(g) and gog' ~p Leod(g) by Lemma

In each case, gfog ~g ldom(g) and go gt ~g leod(g)- Since g was an arbitrary generator, then
glogrp Ldom(g) afld gogl ~p Leod(g) for each g € EH,QC' Then by Theorem there exists
a unique functor 1: HQC/E — HQC/E such that forg = 75 ot with every morphism in
HQC/E unitary with respect to (). O

F.4 Proof of Lemma [4.§

Proof. Let f € C(n,n). By assumption, f and C(f) are unitary. This means that ffo f =1, and
C(f)oC(f)t =1,41. Since C is a functor, then C(fT)oC(f) =C(ffof)=C(1,) =1,41. Then
C(fHy=C(fHoC(f)oC(f)f =C(f)I. Since f was arbitrary, then C is a dagger functor. O

F.5 Proof of Theorem [4.9

Proof. Assume that conditions (1) and (2) hold and define an assignment F : P(X) — P(X)/E
such that Fy(n) =n+1 and F(f :n — n) = wg(r,(f)). Then F is fully determined, and is
therefore unique. It remains to be shown that F' is a functor.

o Identities. Let n € N. Since 7,,(1,) g 1,41 by condition (1), then the following holds.

F(1,) =7mp(1a(1n)) = E(lnt1) = 1nta

Since n was arbitrary, then F' respects identities.

o Composition. Let f:n—n and g:n — n. Since 7,(go f) ~g 7»(g) o7 (f) by condition
(2), then the following holds.

F(gof) =mp(ta(go f)) =me(Tn(g) o ma(f)) = 7(Ta(9)) o (Tn(f)) = F(g) o F(f)

Since f and g were arbitrary, then F' respects composition.
Since F' respects identities and composition, then F' is a functor. Next, assume that condition
(3) holds. It must be shown that there exists a unique functor H : P(X)/E — P(X)/E such that
Homgp=F. Let (f,g) € E. Since 7g(f) =g 75(g), then F(f) =7ng(t.(f)) =7p(m(9)) = F(9).
Since (f,g) was arbitrary, then there exists a unique functor H : P(X)/E — P(X)/FE such that
Horg = F. Finally, assume that conditions (4) through to (6) hold. It remains to be shown
that H is a control functor.

1. Let f € (P(X)/E)(n,n). Then there exists a g € P(X)(n,n) such that 7g(g) = f. Then
H(fX1)=H(rmg(9g)X1) =H(mrg(¢gX1)) = F(gX1). Since 7,4+1(¢X 1) =g 7,(9) K1 by
condition (4), then the following holds.

H(f®1) = F(g®1) =7mp(tn(g®1)) = mp(1(9)W1) = 7x(Ta(9)) W1 = F(g) K1 = H(f) K1

Since f was arbitrary, then H(fX1) = H(f)X1 for each f € (P(X)/E)(n,n).
2. Let f € (P(X)/E)(n,n). Then there exists a g € P(X)(n,n) such that 7g(g) = f. Then
the following equation holds.

H(H(f)) = H(H(me(9))) = H(F(9)) = H(m(1(9))) = F(1a(9)) = 75 (Ta11(Ta(9)))
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Since Ty41(Tn(9)) =g (6 X 1,) 0 Tht1(7m(g)) 0 (¢ K 1,,) by condition (5), then the following
equation holds where 0 = ocX1,, and @ = 7g(0).

TE(Tat1(Tn(9))) = TE(0 0 Ty 1(Tn(g)) 0 0) =T omp(Tnt1(Ta(g))) 0@
In conclusion, the following equation holds.
H(H(f)) =7E(Th1(ma(9))) = T omE(Tni1(Ta(g))) 0o =0 H(H(f)) 0T

Since f was arbitrary, then H(H(f)) =0 H(H(f))oo for each f € (P(X)/E)(n,n).

. Let fe(P(X)/E)(n+2,n+2) and 0 <k <n. Then there exists a g € P(X)(n+2,n+2)

such that 7g(g) = f. Then H(f) = H(ng(g)) = F(g) the following equation holds.

H(ynrofoyme)=H(mrome(g9) ovmr) = HTE(Ynrogovnk)) = F(Vnk0goYnk)

Since Tp42(Yn,k 090 Vn k) = (1Y 1) 0 Tri2(g) 0 (15, 1), then the following equation holds.

F(Ynkog0vmk) = TE(Tn2(Ynk ©9° Vi)
= m((L¥Ynk) 0 Tnt2(g) 0 (1 Xy k)
= (1Xy.k) o mE(Tnt2(g)) o (1 Xy 1)
= (18 ynk) 0 F(g) o (1 Xy 1)
= (1X¥ypx) 0 H(f) o (1 X5 k)

Since f was an arbitrary morphism, then H (v, o fovyn i) = (187, 1) o H(f) o (1K, k)
for each f e (P(X)/E)(n+2,n+2) and 0 <k <n.

Then H is a control functor. O

F.6

Proof of Theorem [4.10

Proof. Since all generators in ¥gqc are endomorphic, then Theorem @ is applicable to HQC.
Let {r, : HQC(n,n) - HQC(n+1,n+1)},en be the family of functions defined by the equation
To(U) = —— ©U. The six conditions hold as follows.

—

-~ W N

IanN, Tn(ln) ~p 1K1, = 1pt1 by E(S)
IfU:n—nand V:n—n, then 7,(VoU)=1,(V)or,(U) by E(9).
IfU:n—nand (UV)e€E, then 7,,(U) =g 7,(V') by E(23).

Let U : n — n. Then the following derivation holds.

E(23) 1 E(9) E(13)
AHiH— =~ AHiH{th— =~ A{uHub = AU

Then 7,11 (UK 1) =g 7, (U)X 1.
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5. Let U :n —n. Then the following implication holds. Since of = o, then the following
derivation also holds.

o U
B E(éo)ﬂ¥_/_ E(23) ﬂ¥

_/—

| ~ |

¥ ﬁL_/L— E(10) ﬂ\\/¥_I:X_/L—

_ ?/Q;U_f\x O @D E
n o

N n o

DO

Then 7,41 (7,(U)) =g (c K 1,) o711 (70, (U)) 0 (¢ K 1,,).

6. Let U:n+2—n+2and 0 <k <n. Since 1}; =1, 1L_k =1,_, and ot = o, then it follows
that *y;rL’k = (11 NoX1,_) = 1;{g Xof X ]'IL—]C = Ynk- Since ’Y:LJC = Yn,k, then it follows by
E(12) that Tio(YnkoUovni) e (L0 k) 0 Tat2(U) o (1 - vy k).

Since conditions (1) and (2) hold, then by Theorem there exists a unique ordinary functor
F:HQC — HQC/FE such that Fy(n) =n+1and F(U:n —n)=7ng(m(U)). Since condition
(3) also holds, then by Theorem exists a unique ordinary functor C': HQC/E — HQC/E
such that Hong =F. Then C(ng(U)) = F(U) =7mg(—-— ©U) for each U € HQC(n,n). Since
conditions (4) through to (6) hold, then C'is a control functor. Since every morphism in HQC/E
is unitary with respect to (f) by Theorem then C' is a dagger control functor with respect
to (f) by Lemma

It remains to be shown that C is a conjugated control functor. Let X € (HQC/E)(n,n)
and Y € (HQC/E)(n,n). Then there exists U € HQC(n,n) and V € HQC(n,n) such that
75(U) =X and 7(V) =Y. Then (1RUNo(— OV)o(1RU)~g (= O (UtoVol)) by
E(12). Then the following equation holds.

(mx?) oC(rp(V))o(1RX) = (1 &WE(Uﬁ) oC(rp(V))o (1R e (U))
= (1875 (UT)) o C(mn(V)) o (1R7R(U))  (by Theorem [L7)

=7E ( > oC(mp(V))omk < >

TR ( > oTE ( ) oTE < > (by Theorem

”E< )

g ==

TE ( )) (by Theorem

3
=
/N
d
i
N—
o
3
ol
S
o
3
&
S
N—

XToYo X) (by Theorem [1.7)
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Since X and Y were arbitrary, then C'(—) is conjugated. O

G Proofs for Section [

This section contains all proofs for Section [b] except for those which appear in Section [5.1}

G.1 Proof of Theorem

Proof. In assumptions (1) through to (3), local properties placed on Enc(—) and Dec(—) in terms
of generators and relations. These local properties lift to global properties as follows.

1. Derivation (1). Assumption (1) states that [Enc(z)]r = [z]x for all x € ¥. This means
that [~]JroEncoi =[—]goi. Then [—]roEnc=[—]x by the universal property of free
prop categories.

2. Derivation (2). Let (X,Y) € . By assumption (3), there exists an X* € Dec(X) and
Y* € Dec(Y) such that X* ~p Y*. Since X* € Dec(X), then 7g(X*) = Dec(X). Since
Y* € Dec(Y), then mg(Y™*) = Dec(Y'). Since X* ~p Y*, then 7g(X*) =7g(Y™*). Then in
conclusion, Dec(X) =7 (X*) =7g(Y™*) = Dec(Y). Since (X,Y) was an arbitrary relation
in @, then there exists a unique controlled prop functor Decg : Po(I')/Q — P(X)/E such
that Decg omg = Dec.

3. Derivation (3). Let x € ¥. Then by assumption (2), there exists a f € Dec(Enc(g))
such that x ~p f. Since f € Dec(Enc(x)), then wg(f) = Dec(Enc(x)). Since x ~g f, then
mg(x) =7g(f). Then mg(z) = mE(f) = Dec(Enc(x)). Since = was as arbitrary generator,
then mgoi=DecoEncot. Then mg = DecoEnc by the universal property of prop categories.

Next, it will be shown that (3, F) is complete with respect to [—]x. Let f,g € P(X) such that

[flx =[g¢ls- Then [Enc(f)]r =[f]s = [g]s = [Enc(g)]r by derivation (1). Since (I',Q) is com-
plete with respect to [—[r, then Enc(f) ~¢g Enc(g). This means that mg(Enc(f)) = mg(Enc(g)),
which implies that Decg(mg(Enc(f))) = Decg(mg(Enc(g))). Then Dec(Enc(f)) = Dec(Enc(g)) by
derivation (2). Since mr = DecoEnc by derivation (3), then 7g(f) =7g(g). Then f~p g. Since
f and g were arbitrary, then (X, F) is complete with respect to [—]sx. O

G.2 Proof of Theorem [5.2]

Proof. First it must be shown that for each f € P(T"), there exists a g € P(X) such that f =g g.
The proof follows by structural induction on P(T).
o Identity. Assume that f=1,. Since P(X) is a subcategory of P(I'), then f € P(X).
Since (=p) is reflexive, then f~g f.
o Symmetries. Assume that f =o. Since P(X) is a subcategory of P(I'), then f € P(X).
Since (=p) is reflexive, then f~pg f.
e Generators. Assume that f = x for some xz € I'. Then by assumption, there exists some
g € P(X) such that f~gg.

e Sequential Composition. Assume that f =boa for a:n — s and b: s —m. Then by
the inductive hypothesis, there exists some g € P(X)(n,s) and h € P(X)(s,m) such that
a~pgand brgh. Then f~phoarpghog. Then f~pg hog by the transitivity of (=g).
Moreover, hog € P(X)(n,m).
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e Parallel Composition. Assume that f=aXb for a:n — m and b: s —t. Then by
the inductive hypothesis, there exists some g € P(X)(n,m) and h € P(X)(s,t) such that
a~ggand b~g h. Then f~pg®b~g g®h. Then f~g g®h by the transitivity of
(~g). Moreover, g®@h € P(X)(n+s,m+t).

Then for all f € P(T'), there exists a g € P(X) such that f ~g ¢g. It remains to be shown that
(T, E) is complete with respect to [—]. Let f € P(T')(n,m) and g € P(I")(n,m) with [f] = [¢]. By
the first result, there exists some h € P(X)(n,m) and k € P(I")(n,m) such that f ~g h and g ~p k.
Since F is sound with respect to E, then [f] = [h] and [¢] = [k]. Then [h] = [f] = [9] = [%]-
Since (X, F) is complete with respect to [—], then h~g k. Since (~g) is transitive, then f ~g g.
Since f and g were arbitrary, then (', E') is complete with respect to [—]. O

G.3 Proof of Lemma [5.3

Proof. Let U € Mor(Core/E). Then there exists some V € Mor(Core) such that (V) ="U.
Then there exists some n € N such that V € Mor(D,,). Then —— ©®V € G,,4; by definition of the
gate set. It follows that C(U) =C(n(V))=n(—-— ©V) & Mor(Core/E). Since U was arbitrary,
then C'(U) € Mor(Core/E) for all U € Mor(Core/E). In conclusion, C: HQC/E — HQC/FE
restricts to Core/E. ]

G.4 Proof of Lemma [5.4]

Proof. For each n € N, let D,, : Core[n|] — Core[n| denote the unique prop functor such that
D,, 01 =1oi. The proof follows by induction on n.

« Base Case. Let g € Y% ... Then by definition, Dy(g) = gt. Since ¢ was arbitrary,
then Dgoi =toi. Then by uniqueness, Do(U) = U for all U € Mor(Core[0]). Then by
reflexivity, Do(U) ~g UT for all U € Mor(Core|[n)).

« Inductive Hypothesis. For some n € N, if U € Mor(Core|[n]), then Do(U) ~p UT.

« Inductive Step. Assume that for an n € N, if U € Mor(Core[n]), then D,,(U) ~g UT. Let
gEXEH I g€ ¥, as well, then D,,11(U) = D,,(U) ~g g by the inductive hypothesis.
Assume instead that g € ¥ ... Then there exists some U € Mor(Core[n]) such that
g= - O D,(U). Then by the inductive hypothesis, D,,(U) ~g U'. Then the following

derivation holds.

E(23) Thrn [ 7! K9 *1
-1

B(2 -1
s - F‘

E(8) |

In either case, D,y1(g) ~g g'. Since g was arbitrary, then D,y 0i = foi. Then by
uniqueness, Dy, 11(U) ~g UT for all U € Mor(Core[n]). Then the inductive step holds.

Then by the principle of induction, for each n € N, if U € Mor(Core[n]), then D, (U) ~g UT.
Then let U € Mor(Core). There there exists some n € N such that U € Mor(Core[n]). Then
Ut =D, (U)~g UT. Since U was arbitrary, then U* ~g U for all U € Mor(Core). O



44 A Complete Equational Theory for Quantum Circuits with Generalized Control

G.5 Proof of Lemma [5.5

Proof. The proof follows by induction.

« Base Case. Let g € E%Ore. There are six cases to consider.
1. Let g = «. Then [Enc(g)]c = [[ HC " = exp(aLog(—1)) = [g]u-
2. Let g= —E— . Then [Enc(g)]c = H ﬂ 141 =1dl4-

3. Let g = . Recall that Log(Z) =in|1) (1. Then the following equation holds.

[Enc(g)]c = H ﬂ =10) (0] ® I + [1) (1| @ "™ = exp(iam 1) (1]) = [g]m
C

4. Let g= _g* . Recall that HZH = X. Then the following equation holds

[Enclole - | | —Howarouz) (by case (3))
C

= exp(aH Log(Z)H) (by Eq. )

=exp(aLog(HZH)) (by Eq. (2))

= exp(aLog(X)) = [g]n

5. Let g= __ . Recall that XZX = —Z. Then the following equation holds.

[[EnC(g)ﬂc:[[ ﬂc

= exp(Log(X))exp(aLog(Z))exp(Log(X)) (by cases (3) and (4))
= Xexp(aLog(Z))X
= exp(aX Log(Z2)X) (by Eq. )
= exp(aLog(XZX)) (by Eq. )
= exp(aLog(=2)) = [g]#

6. Let g = _&* . Recall that XZX = —Z. Then the following equation holds.

[Enc(g)]c = |[ ﬂc

= exp(Log(Z))exp(aLog(X))exp(Log(Z)) (by cases (3) and (4))

= Zexp(aLog(X))Z
= exp(aZLog(X)Z) (by Eq. (2))
=exp(aLog(ZXZ7)) (by Eq. )

= exp(aLog(—X)) = [[g]]H

Since g € %, Was arbitrary, then [Enc(g)]c = [g]g for all g € g .-
+ Inductive Hypothesis. For some n € N, if g € £¢, .., then [Enc(g9)]c = [9]#-
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e Inductive Step. Assume that the inductive hypothesis holds for some n € N and let

e X . If g € 32,0 as well, then [Enc(g)]c = [g]x by the inductive hypothesis.

Assume instead that g € X551\ ¥%, ... Then there exists some U € Mor(Core[n]) such

Core

that g = - ©U. Then by the inductive hypothesis, since [Enc(—)]c and [—]z agree on
all generators, then [Enc(U)]c = [U]x. Then by Theorem the following holds.

91z = 20Ul = Z© [Enc(U)]c = [0) (0] @Iz + [1) (1] @ [Enc(U)]c = [Enc(g)]c
In either case, [g] g = [Enc(g)]c. Then the inductive step holds.

Then by the principle of induction, [Enc(g)]x = [¢]c for each g € Ecore- O

G.6 Proof of Lemma [5.6]
Proof. By Theorem the following theorem holds.

Dec = (1R 7p(H)) o C(C(rp())) o (1K rp(H))

"
S OC(O(nE(-I)))OﬂE()
()= (T)) o )
()T )o(3)
=7g 1

In other words, the following equation holds.

e Dec
! (7]

Since H = HY, then the following derivation also holds.

—_—— ——
E(23) B(23 E(12) E(23)
4| ? %1 N - N e

E(2)

This completes the proof. O
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G.7 Proof of Lemma

Proof. Let (X,Y) € Q. There are 9 cases to consider.

1. Assume that (X,Y) is rule Q(1). Clearly +* € Dec(X) and 0 € Dec(Y'). It then follows by
E(7) that  ~p 0.

2. Assume that (X,Y) is rule Q(2). Clearly %/7 %/ € Dec(X) and (1%)/™ € Dec(Y). It
then follows by E(18) that &/™ @/™ ~yp a1/mtax/m = (a1fa)/m

3. Assume that (X,Y) is rule Q(3). Clearly o € Dec(X). Since CQC is a controlled prop
category, then the following equation holds.

A ZIsN 7
Y = -
] [ [ (=] (=] [~]

=
(=] (=] (=]

Then by Lemma [5.6] the following equation also holds.

€ Dec(Y)

oS A

Moreover, the following derivation holds.

E(5) E(10)

O~ L~ oAl

4. Assume that (X,Y) is rule Q(4). Clearly € Dec(X) and — € Dec(Y). Since
H = Ht, then ~p — by Theorem

5. Assume that (X,Y) is rule Q(5). Then a; € R, ap € R, and (5o, 51, B2, B2) = Euler(ay, a2).
Clearly the following equations hold (see Section |G.6)).

N

ay/m

@l @EDQC< )
/T

S/ lﬁl/w - 1332/7T = 133/" € Dec (

Then the following derivation holds since H = HT.

lal/w 1&2/71' ~ l(!z/ﬂ'
E(11)
~ {aper{a s n
E(20)

AR R Ty
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E(22)

~ 1/7r /T
E(4)

E(6) [31 T GJ@Z/W [7)3 T
~ So/m
B(11) N Th M YL
~ S/ 171/7T
E(22) 7] /T fuim
E?Zl) So/m B/
E(20) e Ul e
- So/ Bu/m
E(11) [} (i
So/m Br/m P2/
E(11) [H] [H}—
So/m p1/m Ba/m 153/77
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6. Assume that (X,Y) is rule Q(6). Clearly the following equations hold (see Section |G.6)).

01 eDec

@

(o]

€ Dec

(o]

Since C(—) is a conjugated control functor and (HX0)" = HTX0f = HXO0, then the
following derivation holds.

~ {

1

(- ~EB

«

T

«

«

7. Assume that (X,Y) is rule Q(7). Clearly the following equations hold (see Section |G.6]).

€ Dec

«

&

L]

T

—

L]

@ g

“H]

—

€ Dec

Since C(—) is a conjugated control functor and (U1 a)" = U1 (—a) for each unitary U,
then the following derivation holds.

T

«

L=

- (i

o il ~

=1

=
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Since C(—) is a conjugated control functor and (HX1X0)! = HTK1TX0T = HFX1X0,
then the following derivation holds.

~FE

T T

o

ald

(i H

«

€ Dec

—

)

milEn

piCamihn

«

H

=1

€ Dec

«

. Assume that (X,Y) is rule Q(9). Clearly the following equations hold (see Section |G.6)).

T

=1

H

L]

@ [

As in the previous proofs, this case will be handled using the property that C(—) is a
conjugated control functor. First, it must be shown that the third gate on the left-hand
side is the adjoint to the first gate on the left-hand side.

B3 | mm@d [ [[ [ [, EO [ [——=
P -

E(23) . B(23) — E(8) —1

E(TS) 0 E?é) Ia {‘l-" ~ In

Let U denote the final string in this derivation. Since C'(—) is a conjugated control functor
and C(V)' =C(V)1(-1) for each unitary V, then the following derivation holds.

T

&

[

=

(11) -2

L2

In each case, there exists a U € Dec(X) and V' &€ Dec(Y') such that U ~g V. Since (X,Y) was
arbitrary, then this completes the proof.

G.8 Proof of Lemma [5.8

Proof. The proof follows by induction.

« Base Case. Assume that g € X0

Core-

O]

There are six cases to consider.
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1. Assume that g = . Then by definition € Dec({u} ) = Dec(Enc({u} )).
Since (~g) is reflexive and g € Dec(Enc(g)), then there exists some U € Dec(Enc(g))
such that g =g U.

2. Assume that g = «*. Then by definition %/ € Dec([ar] ) = Dec(Enc(+*)). Since
am/m =7, then g € Dec(Enc(g)). Since (~g) is also reflexive, then there exists some
U € Dec(Enc(g)) such that g ~p U.

3. Assume that g = _s . Then the following equation holds (see Section |G.6).

W € Dec ( ) = Dec (Enc (2 ))

Then the following derivation holds.

B(11) —o2
an/n :Tj ~

4. Assume that g = _g* . It follows from case (3) that following equation holds.

EDec( )—Dec(Enc(_@“_))

Then the following derivation holds.

E(20) E(22)

[afe{ry ~ HapeAfrH—

(4

——

E(2)

5. Assume that g = _g* . It follows from cases (3-4) that following equation holds.

gl eDec< @@ >=DeC(E”C(~8“—>)

Then the following derivation holds.
E(17) E(17) E(20) o E(22)
6. Assume that g= _o . It follows from cases (3—4) that following equation holds.
1 o1 &Dec = Dec (Enc(
eeat cDue( (Enc( e )
Then the following derivation holds.
E(17) E(17)

, E(20) . E@)

In each case, there exists a U € Dec(Enc(g)) such that g ~p U.
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e Inductive Hypothesis. For each n € N, if g € ¥, then there exists some circuit
U € Dec(Enc(g)) such that g =g U.

e Inductive Step. Assume that the inductive hypothesis holds for some n € N and let
geXE [ If ge X2 . as well, then there exists some U € Dec(Enc(U)) such that g ~p U

Core* Core

by the inductive hypothesis. Assume instead that g € L1\ 22 Then there exists

Core Core*

some V € Mor(Core[n]) such that g = - ®V. Then by the definitions of Enc(—) and
Dec(—), the following equation holds.
Dec(Enc(g)) = Dec(C(Enc(V))) = C(Dec(Enc(V)))

Then by the inductive hypothesis, there exists some W € Dec(Enc(V')) such that V ~g W.
Then the following equations hold (see Section |G.6]).

eDec(Enc<>> Efg;)

Then there exists some U € Dec(Enc(g)) such that g g U

Then by the principle of inductive, for each g € Xcore, there exists some U € Dec(Enc(g)) such
that g~g U. O

G.9 Proof of Theorem [5.9

Proof. By Theorem (Xcore; F) is sound with respect to [—] . By Lemma if g € Xcore,
then [Enc(9)]c = [¢g]z. By Lemma if (X,Y) € Q, then there exists some X* € Dec(X)
and Y* € Dec(Y) such that X* ~p Y*. By Lemma if g € Ycore, then there exists some
U € Dec(Enc(g)) such that g ~p U. Then by Theorem (Xcore; F) is complete with respect
to the semantic interpretation [—]z. O

H Circuit Normalization Routines

This section introduces the algorithms used in Section [5] The first sub-section establishes
the correctness of Drop(—,—) along with its relevant helper functions. The second sub-section
establishes the correctness of Expand(—, —) along with its relevant helper functions. Both cases
rely on an oracle function Diag(U) = (P,A) which returns a diagonalization of U. In particular,
if U € Core(n,n) and (P,A) = Diag(U), then P € Core(n,n) and A € Core(n,n) with A in
diagonal form and [U]g = [PTo Ao P]g. We note that Diag(—) need not be computable, and
is best thought of as a choice function. For the interested reader, the underlying choices are
elucidated in the proofs of the following theorems.

Remark H.1. In this section, we think of each diagonal form A as a sequence of lambda
generators. This means that the prefixes of A are also sequences of lambda generators. We
write |A| for the number of lambda generators in A. If A € Core(n,n) is the prefix of a diagonal
form, then |A| € {0,1,...,2"}.

Proposition H.2 ([2,4]). Let C be a prop category and F' : C — Unitary a symmetric monoidal
functor such that Ob(F)(1) = C2. Then F is full if and only if the following conditions hold.

1. For each o € (—m, 7], there exists a U € C(0,0) such that F(U) = e'®.
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2. For each o € (—m, 7], there exists a U € C(1,1) such that F(U) =exp(i|1) (1| ).

3. There exists a U € C(1,1) such that F(U)=H.

4. There exists a U € C(2,2) such that F(U)=0) (0|@I+1) (1| ® X.
Lemma H.3. The functor [—] g is full when restricted to Core.
Proof. By construction, [~]g is a prop functor such that Ob([~]g)(1) = C2. Then to show
that [—] g is full, it suffices to show that the conditions of Proposition hold.

1. Let o € (—, 7). Since Log([« Jz) = Log(e™) = im, then [ &/7 |5 = /™7 = i@ Since o
was arbitrary, then for each o € (—m,7], there exists U € Core(0,0) such that [U]g = ™.

2. Let a € (—m,m]. Since Log([—— [z) =14|1) (1|7, then the following equation holds.

[[ o/ HH =exp(i(a/m)|1) (1| 7) =exp(i|1) (1] @)

Since o was arbitrary, then for each a € (—m, x|, there exists U € Core(1,1) such that
[Uls = exp(i[1) (1] o).
3. Since [{a} |u# = H, then there exists a U € Core(1,1) such that [U]y = H.

4. Clearly [ g [g=X I = X. Then by Theorem the following equation holds.

—H—

H—Tﬂ — 26X =(0) (0oL + 1) (1] X
H

Then there exists a U € Core(2,2) such that [U] =I® X.
Then [—]# is full by Proposition O

Theorem H.4. There exists a function Diag: Mor(HQC) — Mor(Core) x Mor(Core) such that
for each U € Mor(HQC), if (P,A) = Diag(U), then [U]x = [PToAo P]y with A in diagonal
form. If U € Mor(Core), then U ~p PtoAoP.

Proof. Let U € HQC(n,n). Since [U] g is unitary (and therefore normal), then by the spectral
decomposition theorem there exists a unitary matrix M € Unitary(2",2") and a diagonal matrix
D € Unitary(2",2") such that [U]g = MTDM. Since [~] is full by Lemma there exists
a choice of circuit P € Core(n,n) such that [P]z = M. Since D is diagonal, then for each choice
of bijection f:{1,2,...,2"} — {0,1}", there exists a unique diagonal form A € Core(n,n) such
that [A]g = D. Then there exists some pair of circuits (P,A) € Mor(Core) x Mor(Core) such
that [U]x = [PToAo P]y. Since U was arbitrary, then for each U € Mor(HQC), there exists
some (P, A) € Mor(Core) x Mor(Core) such that [U] g = [PfoAo P]y with A in diagonal form.
Then Diag : Mor(HQC) — Mor(Core) x Mor(Core) exists. Next, assume that U € Core(n,n)
and let (P,A) = Diag(U). Then by assumption [U]z = [PfoAo P]y. Since P € Core(n,n) and
A € Core(n,n), then PToAo P € Core(n,n). Since (Xcore, FF) is complete with respect to the
semantic interpretation [—]z by Theorem then U ~g PfoAoP. Since U was arbitrary,
then this completes the proof. ]
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Algorithm 1 DiagDrop(A,«)
Input: A € HQC(k, k) in diagonal form and « € R.
Output: A circuit U € Core(k, k) such that U =g AtTa.
if |A| =0 then return 1;
let Ao A(z,8) + A
let U < DiagDrop(A’, )
return UoA(z,af)

Algorithm 2 Drop,, (U, )

Input: U € CExt[n|(k,k), and a € R.

Output: A circuit U € Core(k,k) such that U ~g U Ta.
let V < Reduce,, (U)
let (P,A) < Diag(V)
let W < DiagDrop(A, «
return PfoWoP

)

H.1 The Drop Routine

The special case of diagonal circuits is handled first by Algorithm [I] The algorithm iterates
over each lambda generator in the diagonal form A, and then performs the necessary rewrites
to reduce the circuit (AT«) to Core. This is then used by Algorithm [2| to handle all powers in
CExt[n], through subcircuit diagonalization. Of course, the correctness of Drop,,, (—,—) relies
on the correctness of Reduce,(—).

Lemma H.5. If A € Core(k,k) in diagonal form and o € R, then DiagDrop(—,—) terminates
when applied to (A, o) with DiagDrop(A,«) € Core(k,k) and (ATa) ~g DiagDrop(A, a).

Proof. The proof follows by induction on |A| where A is a prefix of a diagonal form.

o Base Case. If |[A| =0, then the first line is reached and 1 is returned. In other words,
DiagDrop(—,—) terminates when applied to (A,«) and DiagDrop(A,«) = 1; € Core(k, k).
Since |[A| =0, then A =1;. Then (ATa) = (14 T«) =g 1 = DiagDrop(A, o) by E(19).

o Inductive Hypothesis. For some ¢ € N, if A is a diagonal form prefix with |[A| = ¢, then
DiagDrop(—,—) terminates when applied to (A,«) with DiagDrop(A,«) € Core(k, k) and
(ATa) =g DiagDrop(A, ).

o Inductive Step. Assume that for some ¢ € N, if A is a diagonal form prefix with |A| =/,
then DiagDrop(—,—) terminates when applied to (A,«) with DiagDrop(A,«) € Core(k, k)
and (AT«a) ~g DiagDrop(A,«). Let A be a diagonal form prefix with [A| = ¢+ 1. Since
|A| =£¢+41> 0, then the if-condition on the first line fails, and the program continues to
line two. Then after executing line two, A(x, 3) is assigned to the last symbol in A and A’ is
assigned to the rest of A. This means that A’ is also a prefix of a diagonal form with |A’| = £.
Then by the the inductive hypothesis, the third line terminates with U <+ DiagDrop(A’, ),
U € Core(k,k), and (A1) : (A'1a) ~g U. Then the fourth line is reached, at which point
UoA(z,af) is returned. In other words, Diag(—,—) terminates when applied to (A, «) and
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Algorithm 3 LambdaExpand(z,«,T)

Input: = €{0,1}", a € (—m, 7], and I € Core(m,m) the prefix of a diagonal form.
Output: A circuit U € Core(n+m,n-+m) such that A(z,a) 0T =g U.

if |I'| =0 then return 1,4,

IMoX(y,B)«T

U <+ LambdaExpand(z,a,T")

return U o \(zy,af/m)

DiagDrop(A,a) = U o A(z,a3) € Core(k,k). Moreover, the following derivation holds.

. E(21) s E(22)
~ ol AR

Then (ATa) ~g DiagDrop(A,a) and the inductive step holds.

It follows by the principle of induction that if A € Core(k, k) is a diagonal form prefix and o € R,
then DiagDrop(—,—) terminates when applied to (A,«) with DiagDrop(A,«) € Core(k, k) and
(A1) =~ DiagDrop(A,«). Since every diagonal form is a prefix of itself, then this completes
the proof. O

Theorem H.6. If U € CExt[n|(k,k), a € R, and Reduce,(—) terminates when applied to U,
then Drop,, . (—,—) terminates when applied to (U,«) with Drop,,,(U,a) € Core(k,k). More-
over, if U ~g Reduce,(U), then (U?T«) ~g Drop, (U, «a)

Proof. Let U € CExt[n|(k,k) and o € R. Assume that Reduce, (—) terminates when applied to
U. Then by assumption, the first line terminates and V <— Reduce, (U) with V' € Core(k,k).
Then by Theorem the second line terminates and (P,A) < Diag(V) with P € Core(k,k)
and A € Core(k, k) in diagonal form with V ~g PfoAoP. Since A is in diagonal form, then by
Lemma the third line also terminates and W < DiagDrop(A,«) with W € Core(k,k) and
(A1): (Ata) ~g W. Then the fourth line is reached, at which point PTo W o P is returned. In
other words, Drop(—, —) terminates when applied to (U,a) and Drop(U,«) = P* oW o P. Since
Pt ¢ Core(k,k), then Drop(U,«) € Core(k, k). Now assume that U ~p Reduce, (U) = V. Since
V ~p PtoAoP as well, then (A2):U ~g P'oAoP by the transitivity of (=<g). Then by
Lemma (A3): Pt~ PT, and the following derivation holds.
E(22) E(20) E(22) E(22)
& s 2 mmE S fmme

In conclusion, (U1 a) ~g P*oW o P = Drop(U,a). O

H.2 The Expand Routine

First, Algorithm [3]is introduced to handle diagonal circuits controlled by lambda generators.
This algorithm iterates over each lambda generator in the diagonal form I'; and then performs the
necessary rewrites to reduce the circuit A(z,a) ©I" to Core. This is then used by Algorithm
to handle the slightly more general case of diagonal circuits controlled by diagonal circuits. This
algorithm iterates over each lambda generator in the diagonal form A, and the performs the
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Algorithm 4 DiagExpand(A,T")

Input: A € Core(n,n) the prefix of a diagonal form and I'" € Core(m,m) in diagonal form.
Output: A circuit U € Core(n+m,n+m) such that AT =g U.

if |[A| =0 then return 1,4,
NoX(z,a) + A

U < DiagExpand(A/,T")

V <« LambdaExpand(z,a,T")
return UoV

Algorithm 5 Expand,,_ (T

Input: T € Tower(CExt[n]) with dom(T) =k, |T|>1,and T =T1 0 T".
Output: A circuit U € Core(k, k) such that T ~g U.

let U < Reduce,, (11)

if |T| =1 then return U

let (P,A) < Diag(U)

let V < Expand,, . (T")

let (Q,T") < Diag(V)

let W < DiagExpand(A,T)
return (PIRQY) oW o (PRQ)

necessary rewrites to reduce the circuit A®I" to Core. This is then used by Algorithm [5| to
handle all generalized controls in CExt[n], through subcircuit diagonalization. This algorithm
iterates over each subcircuit in the control tower. Of course, the correctness of Expand,, (—)
relies on the correctness of Reduce,(—).

Lemma H.7. Ifx €{0,1}", a € (—m, 7], and T is in diagonal form, then LambdaExpand(—,—,—)
terminates when applied to the tuple (x,a,T") with LambdaExpand(z,«,T") € Core(n+m,n+m)
and N z,a) ©T ~p LambdaExpand(z,a,T") where m = dom(A).

Proof. Let x € {0,1}" and « € (—7,7]. The proof follows by induction on |I'| where I is a prefix
of a diagonal form.

o Base Case. Let I' € Core(m,m). If |I'| =0, then the first line is reached and 1,4, is

returned. In other words, LambdaExpand(—,—,—) terminates when applied to (z,a,T")
and LambdaExpand(z,a,I') = 1,4y, € Core(n+m,n+m). Since |I'| =0, then I' = 1,,. It
follows by E(8) that A(z,a) ©T = A(z,a) ©® 1,5, g 1p+m = LambdaExpand(z,a,T).

Inductive Hypothesis. For some ¢ € N, if ' € Core(m,m) is a diagonal form pre-
fix and |I'| = ¢, then LambdaExpand(—,—,—) terminates when applied to (z,«,I') with
LambdaExpand(z,«,T') € Core(n+m,n+m) and A\(z,a) ©T ~p LambdaExpand(z,«,T").

Inductive Step. Assume that for some ¢ € N, if I' € Core(m,m) is a diagonal form
prefix and |I'| = ¢, then LambdaExpand(—, —,—) terminates when applied to (z,«,I") with
LambdaExpand(z,«,T") € Core(n+m,n+m) and A(z,a) ©T ~p LambdaExpand(z,«,T").
Let I' € Core(m,m) such that I' is the prefix of a diagonal form with |I'| = ¢+ 1. Since
|| =£+1> 0, then the if-condition on the first line fails, and the program continues
to line two. Then after executing line two, A(y,[3) is assigned to the last symbol in I’
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and IV is assigned to the rest of I'. This means that I is a prefix of a diagonal form
with [I'| = ¢ and |y| = m. Then by the inductive hypothesis, the third line terminates
and U < LambdaExpand(z,«,I") with U € Core(n+m,n+m) and (Al): XN(z,a) 0T =g
U. Then the fourth line is reached, at which point U o A(zy,a/7) is returned. Since
|z| =n and |y| = m, then |zy| = n+m, and therefore A\(zy,al/7) € Core(n+m,n+m).
Since U o A(zy, a3 /7) was returned, then LambdaExpand(—, —, —) terminates when applied
to (z,o,I") with LambdaExpand(z,«,I') € Core(n+m,n+m). Moreover, the following
derivation holds.

[} B0
m s Az, @)
o v’"—\ Ay, B)
= Az, @)
E(15) A
=~ . AMazy,af/7) D \_ ~ . AMzy,af/T)
P Az, ) ]

E(23) A
~ Aazy,ap/n) | |U
(A1) A

Then Az,a) ©T =g U ® A(zy,af/7) = LambdaExpand(z,«,I') and the inductive step
holds.

It follows by the principle of induction that if ' € Core(m,m) is a diagonal form prefix,
then LambdaExpand(—,—,—) terminates when applied to (x,a,I") with LambdaExpand(z,«,T") €
Core(n+m,n+m) and \(z,a) ®T ~p LambdaExpand(z,«,T"). Since every diagonal form is a
prefix of itself, then this establishes that the proof holds for a fixed x and «. Since x and « were
arbitrary, then this completes the proof. O

Lemma H.8. If A and T' are both in diagonal form, then DiagExpand(—,—) terminates when
applied to (A,T") with DiagExpand(A,T") € Core(k,k) and A®T ~f DiagExpand(A,T") where k =
dom(A) +dom(T).

Proof. Let ' € Core(m,m) in diagonal form and for a given n € N write k = n+m. The proof
follows by induction on |A| where A is a prefix of a diagonal form.

o Base Case. Let A € Core(n,n). If |A| =0, then the first line is reached and 1,4,
is returned. In other words, DiagExpand(—,—) terminates when applied to (A,I') and
DiagExpand(A,T") = 1,4, € Core(k,k). Since |[A| =0, then A =1, and the following

derivation holds.
" E(10) - E(8) - -

Then AOT'=1,, 6T =g 1,4, = DiagExpand(A,T).

o Inductive Hypothesis. For some ¢ € N, if A € Core(n,n) is a diagonal form prefix and
|A| = ¢, then DiagExpand(—, —) terminates when applied to (A,I") with DiagExpand(A,T") €
Core(k,k) and A ©T ~p DiagExpand(A,T).
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o Inductive Step. Assume that for some ¢ € N, if A € Core(n,n) is a diagonal form pre-
fix and |A] = ¢, then DiagExpand(—,—) terminates when applied to (A,T") with AGT ~pg
DiagExpand(A,I") and DiagExpand(A,T") € Core(k,k). Let A € Core(n,n) such that A
is the prefix of a diagonal form with |[A| =¢+1. Since |A| =¢+1 > 0, then the if-
condition on the first line fails, and the program continues to line two. Then after
executing line two, A(z,q) is assigned to the last symbol in A and A’ is assigned to
the rest of A. This means that A’ is a prefix of a diagonal form with |A’| = ¢. Then
by the inductive hypothesis, the third line terminates and U < DiagExpand(A’,T") with
(Al): NOT'~g U and U € Core(k,k). Then by Lemma the fourth line terminates
and V < LambdaExpand(z,a,I") with V' € Core(k,k) and (A2): A(z,a) ©T =g V. Then
the fourth line is reached, at which point U oV is returned. That is, DiagExpand(—,—)
terminates when applied to (A,T") with DiagExpand(A,I') = U oV € Core(k,k). Moreover,
the following derivation holds.

" B(14) £ 3o B(23) A [Ara E(23) A
R L
= (A1) A (A2)

Then AOT ~p UoV =~ DiagExpand(A,T") and the inductive step holds.

It follows by the principle of induction that if A € Core(n,n) is a diagonal form prefix, then
DiagExpand(—,—) terminates when applied to (A,I") such that A ®T ~p DiagExpand(A,I') and
DiagExpand(A,T') € Core(k, k). Since every diagonal form is a prefix of itself, then this estab-
lishes the proof for a fixed I'. Since I' were arbitrary, then this completes the proof. O

Theorem H.9. Assume that Reduce,(—) terminates when applied to each U € Mor(CExt[n]).
If T € Tower(CExt[n]) N CExt[n + 1](k,k), then Expand,_ (—) terminates when applied to T
with Expand,,,(U) € Core(k,k). Moreover, if U ~g Reduce,(U) for all U € Mor(CExt[n]),
then T' ~g Expand,, . {(T).

Proof. Let T € Tower(CExt[n]) with |T'| > 1. The proof follows by induction on |T'|.

« Base Case. Let T' € Tower(CExt[n]) with £ = dom(7") and |T'| = 1. By assumption, the
first line terminates and U < Reduce,(T1). Since |T| =1, then the if-condition on the
second line will succeed and Expand,,(—) will return U. In other words, Expand,  (—)
terminates when applied to T with Expand,  {(7') = U. Moreover, since |T| =1, then
T =T with k = dom(77). This means that Expand,,,(T) = U € Core(k, k).

o Inductive Hypothesis. For some strictly positive integer ¢, if T' € Tower(CExt[n])
with dom(7) = k and |T| = ¢, then Expand,,(—) terminates when applied to T" with
Expand,,((T) € Core(k, k).

o Inductive Step. Assume that for some strictly positive integer ¢, if T' € Tower(CExt[n])
with dom(7) = k and |T'| = ¢, then Expand, ,(—) terminates when applied to 7" with
Expand,, ;(T) € Core(k,k). Let T € Tower(CExt[n]) with |T| =/¢+1 and k = dom(T).
Then there exists some 7" € Tower(CExt[n|) with |[T'|=¢ >0 and T =T, ©T’. Now
consider applying Expand,,(—) to T and let ¥’ = dom(7"). By assumption, the first line
terminates and U < Reduce,,(T}) with U € Core(k — &',k —k’). Since |T| =£+1 > 1, then
the if-condition on the second line fails, and the program continues to line three. Then by
Theorem [H.4] the third line terminates and (P,A) + Diag(U) with P € Core(k—k',k—k')
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and A € Core(k — K,k — k') in diagonal form. Since |T’| = ¢ > 0, then by the inductive
hypothesis the fourth line terminates and V' < Expand,, (7”) with V € Core(k’,k"). Then
by Theorem the fifth line terminates and (Q,T") + Diag(V') with P € Core(k’, k) and
A € Core(K' k') in diagonal form. Then by Lemma the sixth line terminates and
W < DiagExpand(A,I") with W € Core(k,k). Then the seventh line is reached, at which
point (P*RQ%) oW o (PX Q) is returned. That is, Expand,,,;(—) terminates when applied
to T with Expand,,, { (T) = (P*RQ*) oW o (PRQ). Since (P*RQ*) = (PXRQ)! € Core(k, k)
by definition, then Expand,,(T") € Core(k,k). Then the inductive step holds.

Then by the principle of induction, if T' € Tower(CExt[ ]) with dom(T") = k, then Expand,, ;1 (—)

terminates when applied to T" with Expand,,,(7T") € Core(k,k). Next, if U ~g Reduce,(U) for

each U € Mor(CExt[n]), then it follows by induction on |T'| that T'~g Expand,, . (T").

« Base Case. Let T' € Tower(CExt[n]) and |T'| = 1. By the start of this proof, Expand,, ;(—)
terminates when applied to 7. Then by the second assumption, U < Reduce, (77) after
the first line with 71 ~g U. Since |T'| =1, then the if-condition on the second line succeeds
and Expand,,(—) is return U. This means that T'= T ~g Reduce,(T1) = Expand,, (7).

o Inductive Hypothesis. For some strictly positive integer ¢, if T' € Tower(CExt[n]), then
T ~p Expand,,  {(T).

o Inductive Step. Assume that for some strictly positive integer ¢, if T' € Tower(CExt[n])
with |T'| = ¢, then T ~g Expand,, {(T). Let T € Tower(CExt[n|) with |T| =/¢+1. Then
there exists some 7" € Tower(CExt[n]) with |T'| =¢and T'=T; ©T". Now consider applying
Expand,, (=) to T. From the start of this proof, Expand,,;(—) terminates when applied
to T. By assumption, U < Reduce,(T}) after the first line with 71 ~g U. Since |T| =
£+1 > 1, then the if-condition on the second line fails, and the program continues to line
three. Then by Theorem (P,A) + Diag(U) after the third line with U ~g PfoAo P,
Since Ty ~g U, then (Al):T; ~g PToAoP by the transitivity of (~g). Since |T’| = ¢,
then by the inductive hypothesis V <« Expand,,;(7") after the fourth line with T/ ~g V.
Then by Theorem [H (Q I') < Diag(V) after the fifth line with V ~p QTol'0Q. Since

"~ V, then (A2) : g QT oT 0@ by the transitivity of (~g). Then by Lemma
W <+ DiagExpand(A,T) after the sixth line with (A3) : AOT =g W. Then the seventh hne
is reached, at which point (P*RQ¥) oW o (PX Q) is returned. Since (P*XQ*) = (PR Q)*
by definition, then by Lemma (A4): (PTRQ") = (PRQ) ~p (PRQ)! = (P*RQY).
Then the following derivation holds.

s E(12) . E(10)
12)

- E(10) “‘ Pl EE23) i

. T] (A3
E(23) A {P] I
~ w
(A1) A—q]

Then T ~p (P*RQ*) oW o (PR Q) = Expand,, 1 (T') and the inductive step holds.
Then by the principle of induction, if 7' € Tower(CExt[n]), then T'~g Expand,, (7). O
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I Proof of Theorem

Proof. First, a partitioning will be constructed for Sg&p. Since Y¢g € YHQc, then the
following equation holds by Lemma

SCExt = SCExt N SHQC = (E%Ext N ZPrim> u (EOCExt N ECtrl) L (E%Ext N ZJPow)

Next, it must be shown that r,(—) is well-defined for each n € N. This means that r,(—) assigns
each g € Lgy to a unique word 7,(g) with r,(g) € Mor(Core). The proof follows by induction
on n.

« Base Case. Let g € E%Ext‘ Then there are three cases to consider.

1. Assume that g € E%Ext N YPrim = LPrim C ZOCore' Since 79(g) = g 11 by definition,
then 79(g) € Power(Xgyre) € Xtore  Mor(Core). Then ro(g) is well-defined.

2. Assume that g € EDCExt NXctrl O g € E%Ext NYpow. Then g ¢ E%Ext NYprim- Since
E%Ext = Y Core U XPrim, then g € Xcore € Mor(Core) Since 79(g) = g by definition,
then ro(g) is well-defined.

In each case, r(g) is well-defined. Since g was arbitrary, then ro(—) is well-defined.
o Inductive Hypothesis. For some n € N, 1, : ¥g, — U(Core) is well-defined.

e Inductive Step. Assume that for some n € N, 7, : ¥g, — U(Core) is well-defined.
Then there exists a well-defined functor Reduce,, = P(r,). In particular this means that
Reduce,,(—) terminates when applied to each U € Mor(CExt[n]). Let g € Y55, .. There
are three cases to consider.

1. Assume that g € Y¢g,. By assumption, r,(—) is well-defined, which means that r(g)
is unique with r(g) € Mor(Core). Since ry,4+1(—) assigns g to m,(g) € Mor(Core), then
rn+1(g) is well-defined.

2. Assume g € Tower(CExt[n]) N CExt[n + 1|(k,k) for some k € N. Since Reduce,(—)
terminates when applied to each U € Mor(CExt[n]), then it follows from Theorem [H.9
that Expand,,,;(—) terminates when applied to g with Expand, (g) € Core(k,k).
Since ry,41(—) assigns g to Expand,, {(g), then 7,41(g) is well-defined.

3. Assume that g € Power(CExt[n]) N CExt[n + 1](k,k) for some k € N. Then there
exists a U € CExt[n](k,k) and o € R such that g = U Ta. Since Reduce,(—) termi-
nates when applied to each U, then it follows from Theorem that Drop,, {(—,—)
terminates when applied to (U,«) with Drop,,,(U,«) € Core(k,k). Since rp11(—)
assigns g to Drop,,, (U, ), then r,41(g) is well-defined.

In each case, r,41(g) is well-defined. Since g was arbitrary, then r,41(—) is well-defined.
Then the inductive step holds.

The by the principle of induction, each 7,(—) is well-defined. Since U;—(X&g«t = ZHQC, then
this defines a signature morphism 7 : ¥xqc — U(Core) such that r(g) =1, (g) for each n € N and
g € Xyt Define Reduce = P(r). It remains to be shown that if g € ¥gqc, then Reduce(g) ~g g.
The proof follows by induction on CExt[n] — HQC.

+ Base Case. Let g € ¥%p, .. Then there are two cases to consider.

1. Assume that g € &g N Xcer1. Then r9(g) = g11. Then ro(g) ~g g by E(17).
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2. Assume that g € X NSt of g € X N Epow. Then ro(g) = g by definition.
Since (~g) is reflexive, then r¢(g) =g g.

In each case, Reduce(g) =70(g9) g g. Then mr(Reduce(g)) =7g(g). Since g was arbitrary,
then 7 oReduceoi = mpoi where i : Sgg,; — CExt[0]. Then by the universal property of
free prop categories, g o Reduce = g when restricted to CExt[0]. Let U € Mor(CExt|0]).
Then 7 (Reduce(U)) =7 (U), which implies that Reduce(U) ~g U. Since U was arbitrary,
then Reduce(U) ~g U for all U € Mor(CExt[0]).

o Inductive Hypothesis. For some n € N, if U € Mor(CExt[n]), then Reduce(U) ~g U.

e Inductive Step. Assume that for some n € N, if U € Mor(CExt[n]), then the derivation
Reduce(U) ~p U holds. Let g € Yk . There are three cases to consider.

1. Assume that g € X¢gy- Then Reduce(g) ~g g by the inductive hypothesis.

2. Assume that g € Tower(CExt[n]). Then Expand(g) =rp+1(g9) =7(g9) = Reduce(g). By
the inductive hypothesis, U ~ Reduce(U) = Reduce,, (U) for each U € Mor(CExt[n]).
It then follows from Theorem that g ~p Expand(g) = Reduce(g).

3. Assume that g € Power(CExt[n]). Then there exists some U € Mor(CExt[n]) and
a € Rsuch that g=U1a. Then by definition Drop(U, ) = 1,4+1(g9) =7(g) = Reduce(g).
Then by the inductive hypothesis, U ~p Reduce(U) = Reduce,,(U). It then follows
from Theorem that g = UTa ~p Drop(U,«) = Reduce(g).

In each case, Reduce(g) ~g ¢, which implies that 7z (Reduce,+1(g)) = 7r(g). Since g was
arbitrary, then 7 oReduceoi = mpoi for i : N, < CExt[n+1]. Then by the universal
property of free prop categories, mg o Reduce = 7 when restricted to CExt[n + 1]. Let
U € CExt[n+1|. Then mg(Reduce(U)) = mg(U). Then Reduce(U) ~g U. Since U was
arbitrary, then Reduce,+1(U) =g U for all U € CExt[n+1]. Then the inductive step holds.

Then by the principle of induction, Reduce(U) ~g U for each n € N and U € Mor(CExt[n]). This
implies that Reduce(g) ~g g for each g € ¥nqc. Let g € Yuqc. Since Yuqc = Un—o X¢Ext:
then there exists an n € N such that g € X¢g, ¢ € Mor(CExt[n]). Then Reduce(g) ~g g. Since g
was arbitrary, then Reduce(g) ~g g for each g € Ypqc with Reduce : HQC — Core. Moreover,
(Xcore; F) is complete with respect to [—]x by Theorem Then (X¥uqc, E) is complete with
respect to [—] g by Theorem O

J Redundant Relations in the HQC Equational Theory

Two presentations (3, F) and (I',Q) are equivalent if P(X)/E = P(I')/Q as prop categories. It
can be shown that (X, F) and (T',Q) are equivalent if and only if (I',@Q) can be obtained from
(3, F) via a sequence of Tietze transformations [6]. The transformations are as follow.

« Removing a Generator. Let fe X, I' =3\ {f}, and g € P(I')(dom(f),cod(f)). If
f =g g, then (X, F) is equivalent to (T', Q) where @ is obtained from E by replacing every
instance of f by g.

« Removing a Relation. Let (f,g) € E and Q = E\{(f,9)}. If f~q g, then (X,E) is
equivalent to (X,Q).

These transformations can then be used to prove that specific generators and relations in
(¥aQc, F) are redundant.
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Using these transformations, this section derives several minimal generating sets for HQC/E.
It is well-known that all single-qubit circuits can be generated (up-to global phase) using any two
of the three generators {X(0),Z(6),H}. This corresponds to single-qubit hierarchical circuits
generated from { -— |, -o— , }. Regardless of the choice of generators, it is then possible to
find circuits U and V such that [U]g = Z and [V]g = X. The circuit U ®V can then act as a
controlled-not gate, and all multi-qubit circuits can be generated (up-to global phase). Finally,
the global phase gate can be used to generate all multi-qubit circuits exactly, as described
in Proposition These minimal gate sets can be obtained via Tietze transformations.

First, it will be shown that g = -— can be eliminated from (¥uqc, E). First, note that g;
appears as the left-hand side of E(4), and does not appear on the right-hand side of E(4). This
means that g; and E(4) can be removed from (X¥gqc, ) via a Tietze transformation. Moreover,
since g1 does not appear in any other relations, then the relations in £ need not be modified.

Next, it will be shown that g» = —— can be eliminated from (¥uqc, ). As in the case of
g1, there exists a relation E(3) which can be used to eliminate go via a Tietze transformation.
However, go also appears in E(13), and must therefore be modified. To simplify the process, we
will manually replace E(13) before removing go. Observe that the following derivation holds for
each U € HQC(n,n), since H is self-adjoint.

- l B(23)

E(3) et

Using the derivation, it is then possible to introduce a new relation E’(13), which can then be
used to eliminate E(13).

Since go does not appear in any instance of E’(13), then go can be removed using E(3) without
any further modifications to the relation set. This yields a new presentation, (I',Q) where T
and () are defined as follows.

P={ o {aF .+ } Q= B\ {E(4),E(3),E(13)} U {E'(13)}

It remains to be shown that I' can be reduced to the global phase gate with only two of the
three single-qubit gates. Before proceeding, it will be shown that E(1) is redundant, and can be
removed from the presentation. In principle, E(1) can be derived via several applications of E(6),
though this process is tedious. Instead, it should be noted that in the proof of completeness,
E(1) is used precisely once, to prove that the Hadamard gate is self-inverse. Then, it suffices
to prove that the Hadamard gate is self-inverse without the use of E(1). It then follows from
completeness, together with the soundness of E, that E(1) is derivable from Q\{E(1)}. As a
first step, E(6) is used to derive an alternative definition for the Hadamard gate.

E(16) E(16) 1(6) 1y L 1 "

= 7

This alternative definition can then be used to prove that the Hadamard gate is self-inverse.

1 1 1 1/y 3 0 1/ 3 1/p 3
[HAEF Bo. @) <Ll H] ne) <LLa’l nis) L2l pig) 2L

o ot o/t B N
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Collection 1: Ordinary Circuit Relations

Collection 2: Generalized Control Relations
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Collection 3: Generalized Exponential Relations
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Collection 4: Congruence Relations (Inductively Defined)
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Figure 7: An alternative equational theory for HQC, using only the generators in I'x.
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In conclusion, (I',Q) is equivalent to (I', R) where R = Q\ {E(1)}. It remains to be shown that

I" can be further reduced.

Eliminating the Pauli-X Gate. Let gx = —-— . Since gx appears as the left-hand side of
E(2), and does not appear on the right-hand side of E(2), then gx and E(2) can be removed
via a Tietze transformation. Unfortunately, gx still appears in relations {E(5),E(6),E’(13)},
meaning that some care must be taken before gx can be fully removed from (I", R). To simplify
the process, we will manually replace {E(5),E(6),E’(13)} before removing gx. This is possible

since H is self-adjoint. To replace E(5), the following derivation suffices.

q E(10) E(23)

U T 7 \Htf \Htj— E(_Q) - \Htf &tj_

f\—e—E<22) N7 N
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To replace E’(13), the following derivation suffices.

AT — w2 A 5@ A7 m
O—— H ®

A A

Using these derivations, relations {R’(5),R’(6),R’(13)} can be introduced (see Fig. 7)), which
can ten be used to eliminate {E(5),E(6),E’(13)}. Since gx does not appear in any instance of
E’(5) or E’(6), then gx can be removed using E(2) without any further modifications to the
relation set. This yields a new presentation, (I'x, Rx) where I'x and Rx are defined as follows.

I={~, »o ) Rx = R\{E(2),E(5),E(6)} U{E'(5),E*(6)}
The relations in Qx are depicted in Fig. [7]

Eliminating the Pauli-Z Gate. Let gz = —— . A-priori, there does not exist a relation to
eliminate gz. However, the following derivation can be used to introduce such a relation, via a
Tietze transformation.

E(2)

= ~p ~IHIF ~p

Since the generalized control relations in (Y¥pqc, E) are written in terms of the X-basis, then
obtaining concise relations for I'\ {gz} is somewhat tedious. For this reason, the equational
theory has been omitted. Intuitively, this theory corresponds to writing the generalized control
relations with respect to the Z-basis, as opposed to the X-basis.

Eliminating the Hadamard Gate. Let gy = . To eliminate gy, it is necessary to
first introduce Eq. as a relation R’(1) via a Tietze transformation. Since gy appears as
the left-hand side of R’(1), and does not appear on the right-hand side of R’(1), then gg and
R’(1) can be eliminated via a Tietze transformation. Unfortunately, gy still appears in relations
{E(2),E(6)}, meaning that some care must be taken before g can be fully removed from (T, R).
In turns out that the relation E(2) is redundant, as illustrated by the following derivation.

R(1) L@l [ B(6) B(18)

W i iz



W. Schober & S. Wesley 63

Collection 1: Ordinary Circuit Relations
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Collection 2: Generalized Control Relations
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Collection 3: Generalized Exponential Relations
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Figure 8: An alternative equational theory for HQC, using only the generators in I'y.
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To replace E(6), the following derivation suffices.

01 0, 1p m/l 1/

gL e (mp RA) @ E(18)

o o

O o1y 2 1)
A A

Using this derivation, it is then possible to introduce a new relation R’(6) as in Fig. |8, which
is then used to eliminate E(6). Since E(2) has been eliminated and gy does not appear in any
instance of R’(6), then gy can be removed using R’(1) without any further modifications to the
relation set. This yields a new presentation, (I'y, Ryy) where I'yy and Ry are defined as follows.

F={~ ,a,+} Ry = R\{E(2),E(6)} U{E(6)}

The relations in Qg are depicted in Fig.
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